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Zusammenfassung
Nachdem 2004 zum ersten Mal Graphen-Flocken isoliert werden konnten,
hat sich das Interesse an der Quantenmechanik flacher Systeme merklich ver-
sta¨rkt. In Graphen, also einer einzigen Schicht von Kohlenstoffatomen, wel-
che in einer regula¨ren hexagonalen Gitterstruktur angeordnet sind, wird die
Dynamik von Ladungstra¨gern nahe der Bandkante durch den masselosen
Dirac-Operator in Dimension Zwei beschrieben.
Wir untersuchen das Spektrum des zweidimensionalen masselosen Dirac-
Operators HD, der an ein externes elektromagnetisches Feld gekoppelt ist.
Genauer gesagt liegt unser Fokus auf der Charakterisierung des Spektrums
σ(HD) fu¨r Feldstrukturen, die durch unbeschra¨nkte elektrische und magnet-
ische Potentiale beschrieben werden. Wir beobachten dabei, dass die Ex-
istenz von Lu¨cken in σ(HD) abha¨ngig ist vom Quotienten V
2/B im Un-
endlichen, also vom Verha¨ltnis des elektrischen Potentials V zum magnet-
ischen Feld B. Insbesondere erhalten wir eine scharfe Schranke an V 2/B,
unterhalb welcher σ(HD) rein diskret ist. Daru¨berhinaus zeigen wir im Falle
der Unbeschra¨nktheit von V 2/B im Unendlichen, dass HD fu¨r eine große
Klasse von Feldern B und Potentialen V keine spektralen Lu¨cken aufweist.
Letzteres fu¨hrt zu Beispielen von zweidimensionalen masselosen Dirac-Oper-
atoren mit dichtem reinem Punktspektrum. Wir erweitern die Ideen, ent-
wickelt fu¨r HD, auf den klassischen Pauli-(und magnetischen Schro¨dinger-)
Operator in Dimension Zwei. Es stellt sich heraus, dass auch solche nicht-
relativistische Operatoren mit einem stark repulsiven Potential Bedingun-
gen an B und V zulassen, unter denen Lu¨cken im Spektrum auftreten
oder nicht. A¨hnlich wie im Falle des Dirac-Operators ko¨nnen wir zeigen,
dass dort im Allgemeinen keine Lu¨cken existieren, falls |V | das Magnet-
feld B im Unendlichen dominiert. Damit ist es insbesondere mo¨glich, das
Spektrum des Pauli-(und magnetischen Schro¨dinger-)Operators fu¨r einige
grundlegende, rotationssymmetrische Felder komplett zu charakterisieren.
Betrachten wir beim Dirac-Operator HD den Bereich eines wachsenden
Quotienten V 2/B, so ereignet sich dort ein U¨bergang von Punktspektrum
zu kontinuierlichem Spektrum. Da ein solches Pha¨nomen insbesondere hin-
sichtlich der Dynamik interessant ist, behandeln wir in einem zweiten Teil
dieser Arbeit die Frage, unter welchen Bedingungen ein ballistisches Aus-
breiten von Wellenpaketen bei zweidimensionalen Dirac-Systemen mo¨glich
ist. Um die Fragestellung zu pra¨zisieren: Reichen Aussagen u¨ber die Art
des Spektrums aus, um festzustellen, ob das zeitliche Mittel
1
T
∫ T
0
〈ψ(t), |x|2ψ(t)〉 dt
sich wie T 2 verha¨lt? Hierbei bezeichnet ψ(t) die Zeitentwicklung eines Zu-
standes ψ unter dem Operator HD. Wir ko¨nnen dies positiv beantworten,
zumindest unter gewissen Symmetriebedingungen an das elektromagn. Feld.
iii
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Abstract
After 2004, when it was possible for the first time to isolate graphene flakes,
the interest in quantum mechanics of plain systems has been intensified
significantly. In graphene, that is a single layer of carbon atoms aligned in a
regular hexagonal structure, the generator of dynamics near the band edge
is the massless Dirac operator in dimension two.
We investigate the spectrum of the two-dimensional massless Dirac op-
erator HD coupled to an external electro-magnetic field. More precisely, our
focus lies on the characterisation of the spectrum σ(HD) for field configura-
tions that are generated by unbounded electric and magnetic potentials. We
observe that the existence of gaps in σ(HD) depends on the ratio V
2/B at
infinity, which is a ratio of the electric potential V and the magnetic field
B. In particular, a sharp bound on V 2/B is given, below which σ(HD) is
purely discrete. Further, we show that if the ratio V 2/B is unbounded at in-
finity, HD has no spectral gaps for a huge class of fields B and potentials V .
The latter statement leads to examples of two-dimensional massless Dirac
operators with dense pure point spectrum. We extend the ideas, developed
for HD, to the classical Pauli (and the magnetic Schro¨dinger) operator in
dimension two. It turns out that also such non-relativistic operators with a
strong repulsive potential do admit criteria for spectral gaps in terms of B
and V . Similarly as in the case of the Dirac operator, we show that those
gaps do not occur in general if |V | is dominating B at infinity. It should be
mentioned that this leads to a complete characterisation of the spectrum of
certain Pauli (and Schro¨dinger) operators with very elementary, rotationally
symmetric field configurations.
Considering for the Dirac operator HD the regime of a growing ratio
V 2/B, there happens a transition from pure point to continuous spectrum.
A phenomenon that is particularly interesting from the dynamical point of
view. Therefore, we address in a second part of the thesis the question un-
der which spectral conditions ballistic wave package spreading in two-dimen-
sional Dirac systems is possible. To be more explicit, we study the following
problem: Do statements on the spectral type of HD already suffice to decide
whether the time mean of the expectation value
1
T
∫ T
0
〈ψ(t), |x|2ψ(t)〉 dt
behaves like T 2? Here ψ(t) denotes the time evolution of a state ψ under the
corresponding Dirac operator. We can answer that question affirmatively,
at least for certain electro-magnetic fields with symmetry.
v
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Chapter 1
Introduction and Motivation
Originally, Paul Dirac introduced in [Dir28] his famous equation for de-
scribing free electrons consistently with the special theory of relativity,
which had been established 23 years before. As in the Schro¨dinger the-
ory this advanced equation ought to be of first order in time t, and there-
fore, by the equivalence principle, be also linear in the momentum opera-
tors p1, p2, p3. In addition, it should concord with the relativistic energy-
momentum relation
E2(p) = c2p2 +m2c4
for a particle with mass m via first quantisation. Dirac saw that this was
possible if one requires the wave function to be a four-component vector on
which a matrix-valued wave equation acts. His observation resulted in the
Dirac equation
−i ∂tψ( · , t) = D0ψ( · , t).
Here D0 denotes the Dirac operator
D0 = cα · (−i∇) +mc2β
in dimension three, where c is the speed of light (often set to 1). For the
4× 4−Dirac matrices α1, α2, α3, β we choose the representation
αi =
(
0 σi
σi 0
)
, i ∈ {1, 2, 3}, β =
(
12×2 0
0 −12×2
)
in terms of the Pauli matrices
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
.
The four-component character of the wave function includes naturally in-
ner degrees of freedom for the electron like the spin, which was introduced
years before because of experimental phenomena. The immediate success
of the theory might be traced back to the fact that the eigenvalue problem
1
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(D0 + V )ψ = Eψ, applied for the Coulomb potential V , leads directly to
the fine structure of the spectrum of the hydrogen atom. This fine struc-
ture had been explained before by a more ad-hoc implemented spin-orbit
coupling. As pointed out in [Dir28], such an interaction of the spin with
the angular momentum is naturally incorporated in the matrix structure of
D0. Surprisingly, besides the spin, Dirac’s ansatz comprises a further degree
of freedom of an electron: In view of the symmetry of the spectrum of D0
with respect to 0, the equation describes also particles with the same mass
as electrons, but negative kinetic energy. In particular, this energy can be
arbitrarily low. Initially, in [Dir28], Dirac disregarded these solutions as a
bare mathematical artefact, than ascribing them a physical meaning. How-
ever, soon after the introduction of the equation this was seen as a problem
since such an operator would model a particle that would become faster
and faster by lowering its energy. As discussed in [Dir30], one can resolve
this discrepancy between that property of D0 and the classical quantum
mechanical picture by arguing that the states assigned to the negative part
of the spectrum are occupied. Then the Pauli principle for fermions would
prohibit that electrons can accelerate by radiating energy. Implementing
such a virtual or hidden “sea” of electrons1 (the so-called Dirac sea) implies
that an occupied state with negative energy can also get excited, leaving a
hole. Such an unoccupied state should be perceptible by the absence of a
negative charge. Although Dirac was hesitating2 to postulate a new particle
(as a missing electron of the sea), already four years later a “positive elec-
tron” was discovered, the so-called positron, the first anti-particle. Hence,
the introduction of this matrix-valued differential equation can surely be
seen as the birth of modern particle physics and it is still the corner stone
for the description of fermions in quantum field theory. Subsequently, also
mathematicians started to investigate properties of Dirac’s operator, which
turned out to be a powerful tool for tackling problems in pure mathematics3.
While the interpretation of positrons as missing electrons of the virtual
Dirac sea might be quite abstract, a similar concept in solid state physics is
crucial for describing electronic properties in condensed matter. In solids,
the energy levels of single atoms form energy bands that are usually sepa-
rated by band gaps. At temperature zero, states of the bands are occupied
by atomic electrons up to a certain energy, called the Fermi energy. The
position of this Fermi energy relatively to those of the bands and gaps is
decisive for the electronic features of the material and responsible for its
classification as conductor, semi-conductor or isolator. By absorbing en-
ergy, an electron can occupy an energy level above this Fermi energy, now
contributing to electronic transport, while it leaves behind an unoccupied
site, considered as a hole. Such holes can, in analogy to those of the abstract
1Or more general a “sea” of fermions.
2He initially interpreted such a hole as a proton.
3A very well known example is the Atiyah-Singer index theory in global analysis.
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Dirac sea, be seen as positive charge carriers. However, the description of a
filled virtual sea of electrons used by Dirac, as well as the union of occupied
states up to the Fermi energy in solid state physics (also called Fermi sea) re-
mains problematic: Introducing a sea of electrons, i.e. a background source
of particles, out of which one can generate the “relevant” charge carriers
requires a mathematical language able to deal with an indefinite number of
particles (and a corresponding indefinite number of holes in the background
source). Since operators in classical quantum mechanics model systems
with a fixed particle number, a further quantisation was introduced, the
so-called second quantisation. This formalism is based on the construction
of a Hilbert space, where one doesn’t consider the indistinguishable parti-
cles itself, but merely the occupation numbers of certain quantum states,
e.g. energy levels {En}n∈N. This Hilbert space is generated out of a single
“vacuum” |0〉 by a set of creation and annihilation operators aˆ†n and aˆn
associated to the quantum number n ∈ N, which are defined through their
property to increase or decrease the particle number of the n−th state by
one. In that framework the Dirac or Fermi sea is naturally incorporated as
a state
|F 〉 =
∏
En≤EF
aˆ†n |0〉,
generated out of the vacuum by applying creation operators up to a zero
point or Fermi energy EF . Applying further creation operators aˆ
†
n on |F 〉,
with En > EF , then results in the occupation of free electron states, while
the annihilation operators aˆn, with En ≤ EF , create holes in the sea. Within
that language it is also convenient to introduce positrons (or more general
antiparticles) as proper particles by performing a particle-hole transforma-
tion, i.e. by redefining the creation/annihilation operators as well as the va-
cuum and the vacuum energy4. How important the concept of a background
source of particles and the second quantisation in solid states physics is was
highlighted in [BCS57]. In that theory of superconductivity one uses the
creation of electron pairs out of a Fermi sea in order to describe the ener-
getic favourability of a superconducting state. Also many other problems in
condensed matter physics are treated nowadays in the language of second
quantisation, as for example the tight-binding approximation for determin-
ing the band structure of a solid where the atoms are arranged in a periodic
structure.
The tight-binding method for lattice problems assumes that the eigen-
states of the corresponding Hamiltonian are strongly localised around the
lattice atoms, hence “perceive” barely the neighbouring atoms. From the
mathematical point of view, this means that the second quantised Hamilto-
nian of the lattice electrons has a nearly diagonal representation if one writes
it in terms of creation and annihilation operators of the lattice sites 1, ... , N .
4 See Chapter 5 of [GR96] or Chapter 2 of [AS10] for a detailed explanation.
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More precisely, suppressing spin and band indices, the Hamiltonian reads
Hˆtb =
N∑
i,j=1
cˆ†riti,j cˆ
dagger
rj .
Here the overlap or hopping coefficients ti,j are only non-zero for i = j, or
if the lattice sites ri and rj are next neighbours. It means that the inter-
action between two states, localised in ri and rj , is neglected if they are
not close to each other. This extremely simplified ansatz for the description
of periodic solids leads to energy-momentum relations, which depend only
on the arrangement of the atoms. One of the exactly solvable plain lattice
structures is the honeycomb lattice, first discussed in [Wal47]. This atomic
arrangement has drawn great attention in the last ten years thanks to the
discovery of isolated graphene flakes5. In the honeycomb lattice every atom
has three nearest neighbours, whose directions differ by a rotational angle
of 120◦ (see Figure 1). In order to write the Hamiltonian Hˆtb in momentum
space one needs a Bravais lattice, i.e. a periodic arrangement of points,
which corresponds to a discrete group of translations that is generated itself
(as a Z−module) by two primitive vectors.
A B
a1
a2
Figure 1: Honeycomb array with primitive vectors a1,a2
Since the honeycomb structure is not of Bravais type, one has to use a little
gimmick: The arrangement can be divided in two sub-lattices, consisting of
atoms A and of atoms B, such that pairs of atoms A-B form the basis of a
Bravais lattice with primitive vectors a1,a2 (see Figure 1). Consequently,
the creation and annihilation operators have to be considered as vector-
valued with two components, that means
5First observations of electric properties of this flakes are described in [NGM+04].
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cˆdaggerRi =
(
aˆ†Ri , bˆ
†
Ri
)
and cˆdaggerRi =
(
aˆ†Ri
bˆ†Ri
)
,
where Ri denote the site of the i−th basis. In addition, the hopping elements
ti,j then become 2 × 2−matrices. This two-component character of the
basis implies an inner degree of freedom, like the spin of an electron, and is
therefore called pseudo-spin. Keeping in mind that each atom A and each
atom B is of the same sort, one assumes that the inner-atomic interactions,
corresponding to the diagonal entries of ti,j , have the same value (which has
the meaning of a zero point energy 0). With a suitable Fourier transform
(see Appendix A), we obtain the tight-binding Hamiltonian in momentum
space
Hˆtb =
∑
k∈VB
(
aˆ†k , bˆ
†
k
)( 0 ζ(k)
ζ∗(k) 0
)(
aˆ†k
bˆ†k
)
,
where the summation runs over the first Brillouin zone VB and ζ(k) ex-
presses the energy-momentum relation. Within the first Brillouin zone there
are two non-equivalent roots K,K′ of the function ζ, which correspond to
points where the two energy bands E±(k) = 0 ± |ζ(k)| meet each other.
For momenta k near one of these roots, i.e. for |k − K| small, one can
expand ζ and neglect second order terms. This linearisation around the the
points K,K′ results in a Hamiltonian, which describes lattice electrons with
momenta near the band edge. Up to unitary equivalence, it has the form of
the two-dimensional massless Dirac Hamiltonian
Dˆ0 =
∑
k∈VB
Ψˆ†k
(
vFσ · k + 0
)
Ψˆdaggerk
in the second quantised form. The positive real constant vF is called the
Fermi velocity and σ denotes the matrix-valued vector (σ1, σ2). The two
components of Ψˆk represent in that case not the spin degree of freedom, but
the one due to the degeneration of the basis. Although this relation between
the tight-binding Hamiltonian of the honeycomb lattice and the Dirac op-
erator is known since the 1960s, a mathematically rigorous statement about
the approximation was established only recently in [FW12] and in [FW14].
Using Floquet-Bloch theory for the ordinary two-dimensional Schro¨dinger
operator −∆ + Vh with an arbitrary6 honeycomb-periodic potential Vh,
there it was shown that for almost every  ∈ R the desired double-cone-like
behaviour for the two band functions E±(k) holds around two points K,K′
within the Brioullin zone7. In addition, in [FW14] the authors demonstrated
that in the case of a double-cone-like behaviour near the point K, the fol-
lowing Dirac-like description of the time evolution is valid: For K one has
6 With some constraints on the regularity and on a Fourier component of Vh.
7 The precise statement is given in Theorem 5.1 of [FW12].
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two linear independent Bloch states8 Φ1, Φ2 associated to the eigenenergy
E0(K), i.e. two linear independent solutions of the eigenvalue problem(−∆ + Vh)Φ = E0(K)Φ , Φ( · + v) = eiK·vΦ( · ) for all v ∈ Λ ,
where Λ = Za1⊕Za2 denotes the Z-module generated by the lattice vectors
a1,a2. Since Φ1 and Φ2 span the space of Floquet-Bloch eigenstates asso-
ciated to the energy E0(K) and the point K of the first Brioullin zone, one
can consider a state φ ∈ L2(R2,C) to be spectrally localised around K if it
has the form φ =
∑
j=1,2 αjΦj with coefficients αj ∈ S(R2,C) of Schwartz
type. Such a wave package has a Dirac-like behaviour in the sense that for
δ sufficiently small the rescaled state
φδ(x) =
∑
j=1,2
δαj(δx)Φj(x)
has approximately the time evolution
φδ( · , t) := e−i t(−∆+Vh)φδ ≈ e−i tE0(K)
∑
j=1,2
δαj(δ · , δt)Φj( · ). (1.1)
Here α( · , t) = (α1, α2)( · , t) denotes the time evolution of the initial coeffi-
cients α = (α1, α2) ∈ S(R2,C2) under the two-dimensional massless Dirac
operator
D0,θ = e
−i θ/2σ3 v
[
σ1(−i ∂1)− σ2(−i ∂2)
]
ei θ/2σ3
with a fixed phase θ ∈ [0, 2pi) and propagation speed v > 0. The approxi-
mation (1.1) is good for times of order 0 ≤ t ≤ O(δ−2+) (with  > 0 arbi-
trarily small) in the sense that one has, for times 0 ≤ t ≤ O(δ−2+), uniform
Sobolev-bounds of order O(δs) (for some s > 0) on the error term. Those
ultimate results on a mathematically rigorous derivation of the Dirac-like
behaviour of initial states, spectrally localized at the Fermi edge E0(K), so
far only give a description of the charge carriers without any additional ex-
ternal electro-magnetic field. However, for the evidence of isolated graphene
flakes the unusual phenomena of the charge carriers in presence of external
fields were crucial.9
One remarkable feature of a particle that is described by the Dirac oper-
ator, moving under an external electric potential, is pointed out in [Kle29].
Essentially Klein observed that for Dirac particles a potential well V has in
general no confining effect like in the classical case (i.e. in the Schro¨dinger
theory). More explicitly, consider the one-dimensional Dirac operator with
a step potential
hwell = σ1(−i ∂x) +mc2σ3 + v0
(
1− 1[−x0,x0]
)
,
8 They correspond to the degeneracy of the basis.
9As one can read off the observations in [NGM+04].
CHAPTER 1. INTRODUCTION AND MOTIVATION 7
with positive constants m, v0, x0 and the characteristic function 1[−x0,x0]
on the interval [−x0, x0]. Then the spectrum of hwell includes the union
(−∞, v0−mc2)∪(v0+mc2,∞), on which it is purely absolutely continuous10.
In particular, there are no bound states for energies E ∈ (0, v0 − mc2),
independent of how large v0 > mc
2 might be. In the case m = 0 there
are no bound states at all and the spectrum of hwell is purely absolutely
continuous, which is obvious since hwell is then unitarily equivalent to the
free operator σ1(−i ∂x) via the unitary map
U = exp
(
iσ1
∫ ·
0
v(s)ds
)
.
Here v = v0(1−1[−x0,x0]) denotes the potential function. Similarly, a classi-
cal trapping potential v, i.e. a potential with v(x)→∞ as |x| → ∞, has no
confining effect on a Dirac operator on the line or half-line (even with mass
term). Indeed, various mathematical works as [Tit61], [Erd63] and [Sch97]
discussed conditions for such trapping potentials, under which the spectrum
of the one-dimensional Dirac operator is still purely absolutely continuous
(and covers the whole real line). For a higher-dimensional Dirac operator
D0 coupled to a trapping potential V , a decomposition into one-dimensional
operators can be used (if V satisfies certain symmetry, see Subsection 2.2.3)
to deduce the continuity of the spectrum also in higher-dimensional cases.
Even without such symmetries and a corresponding reduction, the absence
of eigenvalues in the spectrum of D0 + V has been verified for a large class
of trapping potentials in [Vog87] and [KO¯Y03] (treating only dimension 3).
Besides the effects of purely electric fields on charge carriers, a key evi-
dence for the detection of single layer graphene was a peculiar quantum Hall
effect (as highlighted in [NJZ+07]), induced by a magnetic field B : R2 → R
pointing in the direction perpendicular to the layer. To incorporate such a
magnetic field into quantum mechanics of plane systems, one substitues the
classical momentum operator −i∇ by the magnetic momentum operator11
−i∇−A, where the vector potential A : R2 → R2 generates the magnetic
field B via B = curl A = ∂1A2− ∂2A1. For the description of graphene it is
common to perform this substitution directly in the approximated Hamil-
tonian for electrons near the band edge12, i.e. one uses the magnetic Dirac
Hamiltonian
DA := σ ·
(− i∇−A)
in R2 in order to describe their kinetic energy. Unlike electric potentials,
vector potentials A do alter the spectrum of the two-dimensional Dirac op-
erator significantly: “Sufficiently strong” magnetic fields B generate eigen-
values and even spectral gaps, which allows to compare the spectrum of DA
10 This can be seen by considering generalized eigenfunctions, c.f. [Wei03] or [Tit61].
11 In the physics literature known as Peierls substitution (due to [Pei33]).
12 In order to explain effects like the integer QHE in graphene (see [GS05]).
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directly with spectroscopic measurements13. In order to precise “sufficiently
strong” let us recall some well-known properties of the spectrum σ(DA) of
the magnetic Dirac Hamiltonian:
• Assume that B(x) → 0 as |x| → ∞, then σ(DA) = R. If B is rota-
tionally symmetric and decays not too fast, then σ(DA) is pure point,
i.e. σ(DA) has neither a singular continuous part nor an absolutely
continuous part.14
• Assume that B(x) = B0 = const., then σ(DA) =
{±√2nB0 ∣∣n ∈ N0}.
Each eigenvalue is infinitely degenerate.
• Assume that B(x) → ∞ as |x| → ∞, then σ(DA)\{0} consists only
of eigenvalues of finite multiplicity. The kernel ker(DA) is in general
infinite dimensional.
One may observe that magnetic fields, strong enough to generate eigen-
values, tend to widen the gaps between eigenvalues of DA with increasing
strength at infinity. If we couple now the magnetic Dirac Hamiltonian in
dimension two to a trapping potential V : R2 → R, only little is known on
how the spectrum changes. For getting an idea of how the spectrum of the
operator
HD = DA + V
depends unusually on the behaviour of the potential V at large values of
|x|, we discuss shortly some known results on this problem:
Assume that B and V are rotationally symmetric functions on R2, i.e.
they can be written as B(x) = b(|x|), V (x) = v(|x|) with functions b and v
on the half-line. Since changing the gauge does not alter the spectrum15 of
the operator HD, we may assume that A has the form
A(x) :=
A(r)
r
(−x2
x1
)
, A(r) =
1
r
∫ r
0
b(s)sds.
Due to the rotational symmetry of A and V , we can decompose HD as a
direct sum of Dirac operators on the half-line, i.e. HD is unitarily equivalent
to the direct sum
⊕
k∈Z+1/2 hk of operators
hk := −iσ1∂r + σ1
(
k
r
−A
)
+ v.
For the operators hk on the half-line it is rather easy to see that, roughly
speaking16, if A(r)→∞ as r →∞ and
lim sup
r→∞
∣∣v(r)/A(r)∣∣ < 1, (1.2)
13Such comparison has been realized in [SMP+06].
14 Originally pointed out by [MS80].
15See Section 2.2.1 for a detailed explanation.
16 The precise statement can be found in Section 2.1.3.
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then σ(hk) consists only of eigenvalues of finite multiplicity. On the other
hand, in [SY98] it is shown that for strong scalar potentials V , i.e. if v(r)→
∞ as r →∞ and
lim sup
r→∞
∣∣A(r)/v(r)∣∣ < 1, (1.3)
the spectrum of each hk is absolutely continuous and includes the whole
real line. Consequently, since
σ#(DA + V ) =
⋃
k∈Z+ 1
2
σ#(hk) , (1.4)
where # denotes the absolutely/singular continuous or the pure point part
of the spectrum, also σ(HD) is purely absolutely continuous and covers
the whole real line in case (1.3). As one may observe, classical trapping
potentials do not only lack of a confining effect when coupled to D0. They
are even able to dissolve eigenvalues and spectral gaps of the magnetic
Dirac Hamiltonian DA. Thus, such trapping potentials have (according
to the RAGE theorem, see below) a deconfining effect on Dirac particles.
In view of conditions (1.2), (1.3) and relation (1.4), apparently the ratio
between A and v is crucial for the type of the spectrum of the operator HD.
A fact which also has been observed in [GMR09] in context of proposing
devices for manipulating the electronic properties of graphene by varying
the external field. Nonetheless, if V (and hence v) is small compared to A
(case (1.2)), it is unclear how the spectrum of HD, then given by the closure
of the eigenvalues, looks like. A first guess is indicated by the discussion of
σ(DA) as a function of the strength of B at infinity. Since strong magnetic
fields tend to produce spectral gaps and eigenvalues of finite multiplicity, it
is reasonable to investigate the spectrum of HD with respect to the relation
of B and V . One part of this thesis is dedicated to the latter question.
Roughly speaking, our results17 in Chapter 3 are stating the following:
• If V 2/|B| < 2 at infinity, then σ(HD) is purely discrete. Moreover,
the bound 2 is necessary for the discreteness of the spectrum.
• If V 2/2|B| is unbounded at infinity, then σ(HD) has no gap.
For trying to grasp this deconfining effect of a scalar potential V , we look
at a non-relativistic model of a spin-12 particle in dimension two. Considering
again a magnetic field B pointing in the perpendicular direction of a plane,
the kinetic energy of a non-relativistic spin-12 particle within that plane
is given by the Pauli operator PA := D
2
A. The operator PA has, as the
square of the magnetic Dirac operator, a similar spectral dependency on
the strength of B as DA. Thus, “hard” magnetic fields B also tend to
produce and widen spectral gaps of PA. More precisely, as above, we have:
17Already published in a slightly different form in [MS14].
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• Assume that B(x) → 0 as |x| → ∞, then σ(PA) = [0,∞). If B is
rotationally symmetric and decays not too fast, then σ(PA) is of pure
point type.
• Assume that B(x) = B0 = const., then σ(PA) = {2nB0 |n ∈ N0}.
Each eigenvalue is infinitely degenerate.
• Assume that B(x)→∞ as |x| → ∞, then σ(PA)∩R+ consists only of
finitely degenerate eigenvalues. ker(PA) is in general infinite dimens.
In the last case, i.e. if B(x) → ∞ as |x| → ∞, one may use the operator
inequality18 PA ≥ 2B, holding on the orthogonal complement of ker(PA),
to observe that such strong magnetic fields have a trapping effect on wave
functions orthogonal to ker(PA). In presence of an additional electric po-
tential V : R2 → R, the Hamiltonian of the non-relativistic spin-12 particle
in the plane is then given by
HP := PA + V =
[
σ · (− i∇−A)]2 + V.
Positive (trapping) potentials V would only enhance this effect of the mag-
netic field B, leading also to a purely discrete spectrum (see, e.g. [KMS05]).
If we consider an “anti-trapping” potential V instead, i.e. V (x) → −∞ as
|x| → ∞, the situation is quite different: The particle lowers its energy
by staying in a region where the potential is small, thus it tends to escape
any compact set of the plane. As a consequence, one expects that such a
repulsive potential counteracts the trapping effect of a strong field B. It is
reasonable to assume that for (sufficiently strong) negative potentials V this
results in a similar spectral behaviour as that of PA with a comparatively
weaker magnetic field. In this thesis we confirm that guess by verifying
that19:
• If V ≤ 0 but |V |/B < 2 at infinity, the spectrum σ(HP ) is purely
discrete. In particular, there are gaps between the eigenvalues of finite
multiplicity.
• If the quotient V/B converges to −∞ (as |x| grows), at least in some
direction, then there is no gap in σ(HP ).
Within the classical frame of a spin-12 particle it is perspicuous that an anti-
trapping potential V can destroy the trapping effect of strong magnetic
fields; Mere energetic considerations suggest that. Nonetheless, one can use
this non-relativistic picture for trying to interpret naively our results con-
cerning the spectrum of the Dirac operator HD = DA + V , coupled to a
trapping potential V : The spectrum of the magnetic Dirac operator DA is
symmetric with respect to 0, meaning that also with magnetic field one can
18The precise statement is given by Proposition 2.28.
19 Disregarding some additional constraints on B and V .
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associate a Dirac sea to the operator DA. Interpreting a missing particle
of this sea as a positive charge carrier, a potential well V would have a
repulsive effect on such a hole. This point of view allows a similar inter-
pretation of the deconfining effect of a classical trapping potential on DA
as of the deconfining effect of a repulsive potential on the Pauli operator PA.
For practical purposes, a considerable part of the research on graphene
focuses on transport properties of charge carriers near the band edge. Es-
pecially the possibility of ballistic movement of these carriers over macro-
scopic distances has attracted much interest over last years (see [MGM+11],
[KLR10] and [PSJWG07]). In mathematical physics, a way to classify the
type of dynamics of a charge distribution |ψ|2( · ) is given by the scaling
behaviour of the expectation value〈
ψ(t), |x|2ψ(t)〉 = 〈e−i tHψ, |x|2e−i tHψ〉 (1.5)
in time t. Here the Hamiltonian H, self-adjoint on a Hilbert space H,
describes the system in position space. Ballistic behaviour is then identified
by 〈
ψ(t), |x|2ψ(t)〉 & Cψt2
for some constant Cψ > 0. In general, spectral properties of an operator
H do not suffice to characterise the dynamics of the system. The RAGE
theorem states, though, that spectral information about H has certain im-
plications on how a spatial charge distribution |ψ|2( · ) evolve in time (as
long as H is locally compact20). This theorem establishes the following
relations:
ψ ∈ Ppp(H)H ⇐⇒ lim
R→∞
sup
t∈R
∥∥1{|x|>R}ψ(t)∥∥2 = 0,
ψ ∈ Pac(H)H =⇒ sup
R>0
lim
t→∞
∥∥1{|x|≤R}ψ(t)∥∥2 = 0,
and
ψ ∈ Pac(H)H⊕ Psc(H)H ⇐⇒ sup
R>0
lim
T→∞
1
2T
∫ T
−T
∥∥1{|x|≤R}ψ(t)∥∥2dt = 0,
where
Ppp(H) = orth. projection on the subspace associated to σpp(H),
Pac(H) = orth. projection on the subspace associated to σac(H),
Psc(H) = orth. projection on the subspace associated to σsc(H),
and 1X denotes the characteristic function on a set X (c.f. Chapter 5.2 of
[Tes09]). Hence, the spectral characteristics of H give us a first impression
20 A property which is satisfied by the operators considered here (see Chapter 2).
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on how a charge distribution behave in time: Does it stay locally concen-
trated or does it spread out into the whole space. In particular, the link
between Ppp(H)H and the time evolution of ‖1{|x|>R}ψ(t)‖ justifies the
connotation of “confining system” for operators that satisfy Ppp(H) = idH.
An interesting fact is that even if for ψ ∈ Ppp(H)H the time evolved dis-
tribution ψ(t) remains uniformly localised in some bounded region, this
does not necessarily mean that the expectation value (1.5) is bounded in
time21. Indeed, in [DRJLS95] there are pointed out examples of quantum
mechanical operators in position space with only pure point spectrum (i.e.
Ppp(H) = idH) admitting that t−(2−δ)〈ψ(t), |x|2ψ(t)〉 → ∞ as t → ∞ for
some given ψ (here δ > 0 can be arbitrarily small). This result shows that
it is possible to have almost ballistic behaviour in systems without any con-
tinuous part in the spectrum. In particular, it manifests that the quality
of the spectrum is by far not enough for a canonical categorisation of the
dynamics. Nevertheless, at least ballistic behaviour can be ruled out for
a large class of (discrete and continuous) Schro¨dinger operators without a
continuous part in the spectrum, as pointed out in [Sim90]. In Section 4.2
we shall see that Simon’s argument applies also for a huge class of Dirac
operators, excluding dynamical propagation in absence of continuous spec-
trum. In [BMST15] there are obtained even time-independent bounds on
(1.5) for two-dimensional massless Dirac operators with pure point spec-
trum. However, this result requires so far the rotational symmetry of the
field configuration.
On the other hand, if the spectrum of an operator H has a non-trivial
continuous part, i.e. Psc(H)H⊕Pac(H)H 6= {0}, the RAGE theorem implies
only that
0 6= ψ ∈ Pac(H)H =⇒ lim
t→∞ 〈ψ(t), |x|
2ψ(t)〉 =∞,
0 6= ψ ∈ Psc(H)H⊕ Pac(H)H =⇒ lim
T→∞
1
T
∫ T
0
〈ψ(t), |x|2ψ(t)〉 dt =∞.
The latter conclusion does not approach the limiting behaviour of the orig-
inal expectation value (1.5), but the one of the Cesa`ro mean
〈〈ψ(t), |x|2ψ(t)〉〉
T
=
1
T
∫ T
0
〈ψ(t), |x|2ψ(t)〉 dt, (1.6)
which is only a time average. Surprisingly, for the time mean (1.6) lower
bounds in terms of powers of T can be obtained by investigating the reg-
ularity of the spectral measure µψ associated to ψ ∈ Psc(H)H ⊕ Pac(H)H.
As explained in [Gua89] and [Com93], such lower bounds rely on decay fea-
tures of the Fourier transform of µψ, originating from the regularity of µψ.
Afterwards, in [Las96], this idea was extended to a refined decomposition
21 Assuming that one starts with 〈ψ, |x|2ψ〉 <∞.
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of the (singular) continuous measure to obtain sharper results on dynam-
ical quantities of type (1.6). Concerning the question of ballistical lower
bounds for (1.6), it turns out that for ψ ∈ Pac(H)H, i.e. for states associ-
ated to the most regular part of the spectrum, lower bounds of order T 2/d
(where d is the dimension of the position space) can be deduced. Even if
this does not straightforwardly lead to the desired result for operators H
in dimension two, it enables us to obtain a lower bound for (1.6) of order
T 2 in some important cases: Under the assumption of certain symmetries
on the electro-magnetic field, a decomposition of H into a family of one-
dimensional operators allows to deduce a lower bound of the desired scale.
Nonetheless, one problem remains in order to use the technique of [Gua89]
and [Com93] for establishing the link between the continuity of the spec-
trum and the dynamical behaviour: A proper Hilbert-Schmidt bound for
the operator product
1X1[−E,E](H) = 1X(x)1[−E,E](H), for E > 0, (1.7)
in terms of the volume of the bounded set X ⊂ Rd is necessary. For free op-
erators, i.e. operators of the form H = f(−i∇), this is a direct consequence
of the Seiler-Simon inequality. As shown in [Sim82], also in many cases of
(magnetic) Schro¨dinger operators with external potentials it is possible to
obtain such bounds for (1.7) by using semi-group properties and perturba-
tion theory. Since we focus on Dirac operators coupled to potentials that are
allowed to have a singularity at infinity, simple perturbational arguments
do not work here. Instead, we demonstrate that for one-dimensional Dirac
operators of type
hk = −iσ1∂r + σ2
(
k
r
−A
)
+ v on L2(R+,C2), (1.8)
with k ∈ Z+ 12 , or
h = −iσ1∂x − σ2A+ v on L2(R,C2) (1.9)
it is possible to employ operator transformations for deriving Hilbert-Schmidt
bounds on (1.7) of the right scale. These transformations, applicable as long
as |A| < |v| at large values (or |v| < |A| at large values), originate from a
representation of Lorentz boosts that are capable to modify electro-magnetic
fields by changing the reference frame (c.f. Chapter 11 of [Jac99]). To be
physically more explicit, we may consider a one-dimensional Dirac operator
like (1.9) as the description of a particle in the plane having no momentum
in the second, perpendicular direction (in particular this momentum is a
conserved quantity due to symmetry). In this second direction of symmetry
one can perform a Lorentz boost into an inertial frame where the electro-
magnetic field is described by (A′, v′). One of the most important properties
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of the Dirac equation, namely the Lorentz covariance22, states that in the
new inertial frame the particle, now possessing a non-trivial momentum in
the direction of the boost, is again described by the Dirac equation with po-
tentials (A′, v′). Since in the boosted frame the momentum in the direction
of the boost is again conserved, the particle there is effectively modelled by
a one-dimensional Dirac Hamiltonian h′ with potentials (A′, v′). The ener-
gies E and E′ of the particle in the different inertial frames are of course
not equal, hence the two Hamiltonians h and h′ cannot simply be unitarily
equivalent. However, there is an invertible map that maps E to E′. There-
fore, also h and h′ should be connected via an invertible operator deriving
from a representation of the corresponding Lorentz transformation. Such
invertible operators can be used to establish resolvent identities between h
and h′, even if we deal with a non-constant boost velocity β(x) (which is of
course no longer of Lorentz type). Deducing Hilbert-Schmidt bounds for
1I1[−E,E](h),
with E > 0 and I ⊂ R bounded, from resolvent relations between h and h′
is probably just one application of this idea. However, we restrict ourselves
here to use this relation just for obtaining some interesting examples of two-
dimensional Dirac Hamiltonians that admit ballistic wave package spreading
for states associated to the absolutely continuous part of the spectrum.
Finally, we should mention that within this work several mathematical
problems, which appeared throughout our project on the massless Dirac
(and Pauli) operator in dimension two, could not be solved. Some of them,
concerning the spectrum, are pointed out in the end of Chapter 3. Further
questions on the dynamics of Dirac systems are addressed in [BMST15].
Also in the context of impurities in graphene, such as magnetic dots or point
charges, there is an ongoing interest in mathematical issues affiliated to the
magnetic Dirac operator in the plane with perturbations (see [EDMSS10],
[MS12] and [KS12]). The huge motivation for the investigation of the Dirac
operator during the last years can surely be traced back to the possibility of
using graphene as a experimental playground for Dirac-like phenomenons.
This was highlighted in the case of the Klein tunneling through potential
barriers: Until direct measurements by [YK09] the effect was barely seen as
a Gedankenexperiment of Klein.
Declaration concerning already published material: Many results pre-
sented within this thesis have already been published in a slightly different
form in the research papers [MS14], [Meh15], [MS15] and [BMST15]. The
introduction of each chapter provides more information on the relevance of
those publications for the content therein. Further, the concerned lemmata
and theorems are tagged with corresponding references.
22See Chapter 3.3 and 4.1 of [Tha92] for a detailed discussion.
Chapter 2
Basic Features of Dirac and
Pauli Operators
In this chapter we discuss the mathematical setup, required for our in-
vestigations. Essential points of the discussion on Dirac operators on the
(half-)line are results of [MS15], though, it is thematically convenient to
place them here.
2.1 Dirac Operators on the Line and Half-Line
2.1.1 Self-Adjointness and Local Compactness
Let us define now the one-dimensional Dirac operators we are working with
and discuss some of their basic properties.
For A, v ∈ L2loc(R,R) we consider the operator
h = σ1(−i ∂x)− σ2A+ v on L2(R,C2), (2.1)
which is densely defined and symmetric on
D0(h) := {ϕ ∈ Dmax(h) | ϕ has compact support in R}, (2.2)
where
Dmax(h) := {ϕ ∈ L2(R,C2) | ϕ abs. cont., hϕ ∈ L2(R,C2)}. (2.3)
As it is known from Sturm-Liouville theory (see Chapter 15 of [Wei03]),
the operator h is in the limit point case at ±∞. Hence, h is essentially
self-adjoint on D0(h) and the domain of the self-adjoint extension is given
by Dmax(h). We denote this extension again by h.
Proposition 2.1. The subspace C∞0 (R,C2) ⊂ L2(R,C2) is dense in D0(h)
with respect to the h-graph norm ‖ · ‖h. Therefore, h is also essentially
self-adjoint on C∞0 (R,C2).
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Proof. First note that C∞0 (R,C2) is a subset ofD0(h). Let ϕ ∈ D0(h) and let
I be a compact interval that contains the support of ϕ. Since ϕ ∈ C0(R,C2)
and (v − σ2A) is locally square-integrable, we have
−iσ1ϕ′ = hϕ− (v − σ2A)ϕ ∈ L2(R,C2),
implying that ϕ ∈ H1(R,C2). Let (ϕn)n∈N ⊂ C∞0 (R,C2) be a sequence of
mollifiers of ϕ whose support is also contained in I. We estimate
‖ϕ− ϕn‖2h = ‖ϕ− ϕn‖2 + ‖h(ϕ− ϕn)‖2
≤ ‖ϕ− ϕn‖2H1 + ‖(v − σ2A)(ϕ− ϕn)‖2
≤ ‖ϕ− ϕn‖2H1 + ‖(v − σ2A)1I‖22 ‖ϕ− ϕn‖2∞.
By the H1-convergence of mollifiers, we know that ‖ϕ−ϕn‖2H1 → 0. More-
over, the Sobolev inequality in dimension one (c.f. Chapter 8 of [LL01])
implies that ‖ϕ − ϕn‖2∞ → 0 as n → ∞. Hence, ϕn converges to ϕ in the
graph norm of h as claimed.
Proposition 2.2. Any multiplication operator M ∈ L2(R,C2×2) with com-
pact support is h-bounded. Moreover, h is locally compact, i.e. for any com-
pact interval I ⊂ R the operator product 1I(h− i )−1 is compact.
Proof. Let χ ∈ C∞0 (R, [0, 1]) be a smooth cutoff function, which equals 1 on
the support of M . For ϕ ∈ C∞0 (R+,C2) we have
‖Mϕ‖ = ‖Mχϕ‖ ≤ ‖M‖2‖χϕ‖∞ ≤ ‖M‖2
√
‖(χϕ)′‖2 + ‖χϕ‖2, (2.4)
where we used the Sobolev inequality in the last step. Since the function
W := (σ2A− v)1supp(χ) is square integrable, we obtain
‖ − iσ1∂x(χϕ)‖ ≤ ‖hχϕ‖+ ‖(σ2A− v)χϕ‖
≤ ‖hϕ‖+ ‖χ′‖∞‖ϕ‖+ ‖W‖2‖χϕ‖∞
≤ ‖hϕ‖+ ‖χ′‖∞‖ϕ‖+ ‖W‖2
√
2‖(χϕ)′‖‖χϕ‖
≤ ‖hϕ‖+ ‖χ′‖∞‖ϕ‖+ ‖W‖2
(
‖(χϕ)′‖+ −1‖χϕ‖)
for any  > 0, implying that(
1− ‖W‖2
)‖(χϕ)′‖ ≤ ‖hϕ‖+ (‖χ′‖∞ + −1‖W‖2)‖ϕ‖. (2.5)
By choosing  small enough, (2.5) together with (2.4) proves the first claim.
Further, let I ⊂ R be a compact interval and χI ∈ C∞0 (R, [0, 1]) be a
smooth cutoff function on I, i.e. 1IχI = 1I on R. By the Kato-Simon-Seiler
inequality (see [SS75] or [Sim79]), we know that ((−iσ1∂x) − i )−11supp(χI)
is compact. Hence, using the resolvent identity
χI
1
h− i −
1
σ1(−i ∂x)− i χI =
1
σ1(−i ∂x)− i
(
(−iσ1∂x)χI − χIh
) 1
h− i
=
1
σ1(−i ∂x)− i
(
(σ2A− v)χI − iσ1χ′I
) 1
h− i
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and the boundedness of(
(σ2A− v)χI − iσ1χ′I
) 1
h− i ,
as shown above, we deduce that also χI(h− i )−1 is a compact operator.
For establishing the Dirac operators on the half-line assume that A, v ∈
L2loc([0,∞),R). If k ∈
(
Z+ 12
) ∪ {0}, we set
hk = σ1(−i ∂x) + σ2
(
k
x
−A
)
+ v on L2(R+,C2). (2.6)
A priori hk is defined as a symmetric operator on the dense subset
D0(hk) := {ϕ ∈ Dmax(hk) | ϕ has compact support in R+}, (2.7)
with the maximal domain
Dmax(hk) = {ϕ ∈ L2(R+,C2) |ϕ abs. cont., hkϕ ∈ L2(R+,C2)}. (2.8)
Remark 2.3. Analogously as for the operator h, one shows that C∞0 (R+,C2)
is a dense subset of D0(hk) with respect to the hk-graph norm.
As above, hk is in the limit point case at +∞ for any k ∈
(
Z+ 12
)∪ {0}
due to Korollar 15.21 of [Wei03]. Concerning the endpoint 0 we distinguish
two cases:
Proposition 2.4. Let |k| ≥ 12 , then hk is in the limit point case at 0.
Hence, hk is essentially self-adjoint on D0(hk) and on C∞0 (R+,C2).
Proof. It suffices to show that there is a solution for the eigenvalue problem
hkϕ = λϕ, (2.9)
with λ ∈ R, which is not square-integrable at 0. According to Theorem 1 of
[ES08] (see also [Tit61]), there exists for k ≥ 12 a unique solution τ of (2.9)
with the asymptotic behaviour
τ(x) = (o(1), 1 + o(1))Txk as x→ 0.
(Let us note that [ES08, Theorem 1] is only stated for A = 0. However,
the same argument works provided that A is integrable at zero.) Let τ˜ be
a linear independent solution of (2.9) such that the Wronski determinant
W (τ, τ˜) := τ1τ˜2 − τ2τ˜1 ≡ 1. Assume that lim infx→0 |τ˜(x)|xk = 0, then
clearly lim infx→0W (τ, τ˜)(x) = 0, which is a contradiction. Hence, τ can
not be square-integrable at 0. An analogous argument holds if k ≤ −12 .
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Since for |k| ≥ 12 the operator hk is in the limit point case at both
endpoints, we know that Dmax(hk) equals the domain D(hk) of the self-
adjoint extension. As usual, we consider hk to be the extension on D(hk).
If k = 0, we know that the operator h0 is in the limit circle case at 0.
Therefore, according to Sturm-Liouville theory (see Satz 15.12 of [Wei03]),
one has a one-parameter family of self-adjoint realisations of h0 with corre-
sponding domains
Dα(h0) =
{
ϕ ∈ Dmax(h0) | lim
x→0
(ϕ1(x) cosα− ϕ2(x) sinα) = 0
}
, (2.10)
where α ∈ [0, 2pi). For practical purposes, we work with the self-adjoint
realisation on D(h0) := D0(h0) and denote, as before, the resulting operator
by the same symbol h0.
Remark 2.5. Let χ ∈ C∞(R+, [0, 1]) be a smooth function, supported away
from zero with bounded first derivative. By the characterisation of the do-
mains of self-adjointness (2.8) and (2.10), together with the fact that k/x
is bounded on the support of χ, we observe that
χD(hk) ⊂ D(h0) (2.11)
whenever the two operators have the same potentials A and v.
Now we want to discuss conditions under which the operators hk for
k 6= 0 are locally compact. Technically, the main difference between h and
hk is the k/x singularity at 0, which is not square-integrable (not even
integrable), hence it cannot simply be controlled by −iσ1∂x via the Sobolev
inequality. However, the Hardy inequality on the half-line∫ ∞
0
|ϕ′(x)|2dx ≥ 1
4
∫ ∞
0
|ϕ(x)|2
x2
dx (2.12)
enables us to treat the term 1/x as a perturbation. More precisely, consider
hk when A = v = 0, then for ϕ ∈ C∞0 (R+,C2) we have
‖ϕ‖2hk =
〈(
σ1(−i ∂x) + σ2 k
x
)
ϕ, σ1
(
(−i ∂x) + σ2 k
x
)
ϕ
〉
= ‖ϕ′‖2 + ‖ϕ‖2 −
〈
ϕ, σ3
k
x2
ϕ
〉
+
∥∥∥∥kxϕ
∥∥∥∥2
≥ ‖ϕ′‖2 + ‖ϕ‖2 + (k2 − |k|)
∥∥∥∥1xϕ
∥∥∥∥2.
(2.13)
Thus, by applying (2.12) one concludes that if |k| > 12 , the H1-norm on the
half-line can be bounded by the hk-graph norm. In particular, for |k| > 12
any Lp-perturbation can be controlled by the hk-graph norm whenever p ≥
2. The value |k| = 12 is not covered by this argument since it corresponds to
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the critical constant of the Hardy inequality. To treat this critical value, we
use the Hardy-Sobolev-Maz’ya inequality on the half-line, proven recently
in [FL12]. This inequality allows us to control also Lp-perturbations for
p > 2, meaning that we have to impose slight restrictions on the regularity
of the potentials A, v in the following results.
Lemma 2.6 (Theorem 1 of [MS15]). For |k| ≥ 12 consider hk with A =
v = 0. Then any multiplication operator M ∈ Lp(R+,C2×2), with p > 2,
is infinitesimally hk-bounded. In addition, any multiplication operator M ∈
L2(R+,C2×2) is infinitesimally hk-bounded whenever |k| > 12 .
Proof. For ϕ ∈ C∞0 (R+,C2) we estimate
‖ϕ‖2hk = ‖ϕ′‖2 + ‖ϕ‖2 −
〈
ϕ, σ3
k
x2
ϕ
〉
+
∥∥∥∥kxϕ
∥∥∥∥2
≥ ‖ϕ′‖2 + ‖ϕ‖2 + (k2 − |k|)
∥∥∥∥1xϕ
∥∥∥∥2
≥ ‖ϕ′‖2 + ‖ϕ‖2 − e−4(|k|−1/2)2 1
4
∥∥∥∥1xϕ
∥∥∥∥2.
(2.14)
Using the Sobolev inequality ‖ϕ‖2∞ ≤ κ‖ϕ‖2 + κ−1‖ϕ′‖2 on the half-line,
valid for any κ > 1, we deduce
‖ϕ‖2hk ≥
(
1− µ(k))κ‖ϕ‖2∞ + (1− κ2)‖ϕ‖2
+ µ(k)
(
‖ϕ′‖2 − 1
4
∥∥∥∥1xϕ
∥∥∥∥2), (2.15)
where µ(k) := e−4(|k|−1/2)2 ∈ (0, 1]. Note that for |k| = 12 the first term
on the right hand side of (2.15) equals zero. By the Hardy-Sobolev-Maz’ya
inequality on the half-line (c.f. Thm. 1.2 of [FL12]), we obtain for q ∈ (2,∞)
and θ = 12(1− 2q−1) a constant cθ (depending only on θ) such that
cθ‖ϕ‖2q ≤
(
‖ϕ′‖2 − 1
4
∥∥∥∥1xϕ
∥∥∥∥2)θ(‖ϕ‖2)1−θ
≤ θ
(
‖ϕ′‖2 − 1
4
∥∥∥∥1xϕ
∥∥∥∥2)+ (1− θ)− θ1−θ ‖ϕ‖2
for any  ∈ (0, 1) (here we apply the Young inequality in the last step).
Combining this with (2.15), we conclude that
µ(k)cθ‖ϕ‖2q + (1− µ(k))κθ‖ϕ‖2∞ ≤ θ‖ϕ‖2hk + c(, κ, θ)‖ϕ‖2. (2.16)
For M ∈ Lp(R+,C2×2), with p > 2, we choose θ = p−1, hence p−1+q−1 = 12 .
Then (2.16) yields
‖Mϕ‖2 ≤ ‖M‖2p‖ϕ‖2q ≤ ‖M‖2p(µ(k)cθ)−1
(
θ‖ϕ‖2hk + c(, κ, θ)‖ϕ‖2
)
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with  ∈ (0, 1). If |k| > 12 and M is an L2-function, we use again (2.16)
(dropping the first term) to conclude
‖Mϕ‖2 ≤ ‖M‖22‖ϕ‖2∞ ≤
κ−1
(1− µ(k))‖M‖
2
2‖ϕ‖2hk + c˜(, κ, θ)‖ϕ‖2.
The last two inequalities imply the claim since hk is essentially self-adjoint
on C∞0 (R+,C2) as remarked in Proposition 2.4.
Corollary 2.7. For |k| ≥ 12 consider hk with A, v ∈ Lploc([0,∞),R) for some
p > 2. Then any multiplication operator M ∈ Ls(R+,C2×2) with bounded
support is infinitesimally hk-bounded whenever s > 2. If |k| > 12 , then the
same holds true for p, s ≥ 2.
Proof. Let χ ∈ C∞(R+, [0, 1]) be a smooth cutoff function, which equals 1
on the support of M and vanishes for large x. By Lemma 2.6, we find for
any  ∈ (0, 1) a constant c such that for ϕ ∈ C∞0 (R+,C2) it holds that
‖Mϕ‖ = ‖Mχϕ‖ ≤ 
∥∥∥∥(− iσ1∂x + σ2 kx
)
χϕ
∥∥∥∥+ c‖ϕ‖. (2.17)
Set W := v − σ2A ∈ Lploc([0,∞),R). Using again Lemma 2.6, we find a
constant c > 0 such that∥∥∥∥(− iσ1∂x + σ2 kx
)
χϕ
∥∥∥∥ ≤ ‖hkχϕ‖+ ‖Wχϕ‖
≤ ‖hkχϕ‖+ 1
2
∥∥∥∥(− iσ1∂x + σ2 kx
)
χϕ
∥∥∥∥+ c‖ϕ‖
≤ ‖hkϕ‖+ 1
2
∥∥∥∥(− iσ1∂x + σ2 kx
)
χϕ
∥∥∥∥+ c˜‖ϕ‖,
where c˜ = c + ‖χ′‖∞. Combining this with (2.17) results in the statement
of the corollary.
Theorem 2.8 (Corollary 4 of [MS15]). For |k| ≥ 12 consider hk with A, v ∈
Lploc([0,∞),R) for some p > 2. Then hk is a locally compact operator, i.e.
for any bounded intervall I ⊂ (0,∞) the product 1I(hk − i )−1 is compact.
Proof. Let I ⊂ (0,∞) be bounded and χI ∈ C∞([0,∞), [0, 1]) be a smooth
cutoff function on I, i.e. χI(x) = 1 if x ∈ I, and χI(x) = 0 if dist(x, I) > 1.
We use the reference operator
href = σ1(−i ∂x) + σ2 1
x
on L2(R+,C2),
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which is known to be locally compact (see e.g. [Sch95]), and prove that the
right hand side of the resolvent difference
χ2I
1
href − i −
1
hk − i χ
2
I =
1
hk − i
(
(hk − i )χ2I − χ2I(href − i )
) 1
href − i
=
1
hk − i
(
(v − σ2A)χ2I − 2iσ1χIχ′I
) 1
href − i
+ (k − 1) 1
hk − i x
− 1
4χ2Iσ2x
− 3
4
1
href − i
is a compact operator. Since href is locally compact and (v−σ2A)χI , x− 14χI ,
and 2iσ1χ
′
I are relatively hk-bounded (see Corollary 2.7), it suffices to show
that
χIx
− 3
4
1
href − i (2.18)
is compact. To this end recall that by (2.13) the singularity x−2 is bounded
with respect to h2ref in the sense of quadratic forms. Because exponentiating
to the power a ∈ (0, 1) is operator monotone, we conclude that the com-
position x−3/4|href − i |−3/4 is bounded. Therefore, the resolvent identity
χIx
− 3
4
1
href − i = x
− 3
4
1
href − i χI + x
− 3
4
1
href − i
(− iσ1χ′I) 1href − i
= x−
3
4
∣∣∣∣ 1href − i
∣∣∣∣ 34 sgn( 1href − i
) ∣∣∣∣ 1href − i
∣∣∣∣ 14 χI
+ x−
3
4
1
href − i
(− iσ1χ′I) 1href − i
leads to the compactness of (2.18) as soon as |href − i |−1/4χI has that
property. With the integral representation of the 8-th root, i.e. by writing∣∣∣∣ 1href − i
∣∣∣∣ 14 χI = ( 1h2ref + 1
) 1
8
χI
= B
(
7
8 ,
1
8
)−1 ∫ ∞
0
1
h2ref + s+ 1
χI
1
s1/8
ds (2.19)
(here B(x, y) denotes the beta function), this missing component is evident:
Since the function
(0,∞) 3 s 7→ 1
h2ref + 1 + s
χI
1
s1/8
is continuous and absolutely integrable (with respect to the operator norm
on L2(R+,C2)), integral (2.19) can be seen as a Bochner integral in the
Banach space of compact operators, equipped with the operator norm of
L2(R+,C2) (see e.g. Appendix E of [Coh13]).
Remark 2.9. If |k| > 12 , then Theorem 2.8 is also valid for potentials
A, v ∈ L2loc([0,∞),R).
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2.1.2 Usual and Unusual Potential Transformations
In this subsection we want to discuss some unitary/non-unitary transfor-
mations on L2(R,C2) and on L2(R+,C2), which help to establish relations
between different Dirac operators in dimension one. As in Subsection 2.1.1,
we assume A, v to be at least locally square-integrable.
Proposition 2.10. For k ∈ (Z + 12) ∪ {0} the operator hk is unitarily
equivalent to the operators
σ2(−i ∂x) + σ1
(
A− k
x
)
+ v on L2(R+,C2) (2.20)
and
σ1(−i ∂x) + σ3
(
A− k
x
)
+ v on L2(R+,C2), (2.21)
with domains
1√
2
(1− iσ3)D(hk) and 1√2(1 + iσ1)D(hk)
respectively. The statement is also valid for h and corresponding operators
on L2(R,C2).
Proof. Using the commutator properties of the Pauli matrices, we compute
1√
2
(1− iσ3)σ1 1√
2
(1 + iσ3) =
1
2
(iσ1σ3 − iσ3σ1) = σ2,
1√
2
(1− iσ3)σ2 1√
2
(1 + iσ3) =
1
2
(iσ2σ3 − iσ3σ2) = −σ1,
and
1√
2
(1 + iσ1)σ2
1√
2
(1− iσ1) = 1
2
(iσ1σ2 − iσ2σ1) = −σ3.
Consequently, we get
1√
2
(1− iσ3)hk 1√
2
(1 + iσ3) = σ2(−i ∂x) + σ1
(
A− k
x
)
+ v
on 12(1− iσ3)D(hk) and
1√
2
(1 + iσ1)hk
1√
2
(1− iσ1) = σ1(−i ∂x) + σ3
(
A− k
x
)
+ v
on 12(1 + iσ1)D(hk).
Remark 2.11. Note that (2.21) means that hk (as well as h) is unitarily
equivalent to a one-dimensional Dirac operator with a mass term and a pure
scalar potential.
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As already remarked in the introduction, the (massless) Dirac operators
in dimension one with pure scalar potentials are completely solvable:
Proposition 2.12. Assume that A = 0. Then h and h0 are unitarily equiva-
lent to the corresponding free operators, i.e. to σ1(−i ∂x) on the correspond-
ing domains, via the map
[Uϕ](x) = exp
(
iσ1
∫ x
0
v(s)ds
)
ϕ(x)
on L2(R,C2) and on L2(R+,C2) respectively.
Proof. We first note that
[
U∗ϕ
]
(x) =
[
U−1ϕ
]
(x) = exp
(
−iσ1
∫ x
0
v(s)ds
)
ϕ(x)
holds on L2(R,C2) and on L2(R+,C2) respectively. Hence, U is a unitary
operator on both Hilbert spaces. We only proceed with the case of h0 since
the one of h is completely analogous. First note that the (matrix-valued)
function
exp
(
−iσ1
∫ x
0
v(s)ds
)
is absolutely continuous, so for ϕ ∈ D(h0) we know that U∗ϕ is absolutely
continuous (see e.g. Chapter VII of [Els05]), i.e. one can compute
U∗σ1(−i ∂x)Uϕ = σ1(−i )ϕ′ + σ1(−i )(iσ1)vϕ = h0ϕ. (2.22)
Therefore, σ1(−i ∂x)Uϕ ∈ L2(R+,C2) and because [Uϕ]1(0) = 0 we have
Uϕ ∈ D(σ1(−i ∂1)). Similarly we get the inclusion U∗D(σ1(−i ∂1)) ⊂ D(h0).
Further, by (2.22), the equation U∗σ1(−i ∂x)U = h0 holds on D(h0).
Corollary 2.13. Assume that A = 0. Then for bounded intervals I ⊂ R
and I0 ⊂ R+ the operators 1I(h− i )−1 and 1I0(h0− i )−1 are Hilbert-Schmidt
with Hilbert-Schmidt norms∥∥∥∥1I 1h− i
∥∥∥∥
HS
≤ 1√
2
√
|I| , (2.23)
∥∥∥∥1I0 1h0 − i
∥∥∥∥
HS
≤
√
|I0| . (2.24)
Proof. Note first that due to (the proof of) Proposition 2.12 we have the
identity
1I
1
h− i = 1IU
1
σ1(−i ∂x)− i U
∗ = U1I
1
σ1(−i ∂x)− i U
∗,
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which holds analogously for h0. Thus, using the Kato-Seiler-Simon inequal-
ity (see [SS75] or Chapter 4 of [Sim79]), we deduce that 1I(h − i )−1 is
Hilbert-Schmidt with∥∥∥∥1I 1h− i
∥∥∥∥
HS
=
∥∥∥∥1I 1σ1(−i ∂x)− i
∥∥∥∥
HS
≤ 1√
2pi
‖1I‖2
∥∥∥∥ 1σ1x− i
∥∥∥∥
2
≤ 1√
2
√
|I| .
For the operator h0 we use the resolvent kernel of σ2(i ∂x) on L
2(R+,C2),
which can, due to Section 15.5 of [Wei03], be computed as follows: If one
has a fundamental system τ1(z, · ), τ2(z, · ) of the ODE [σ2(i ∂x) − z]τ = 0,
then, for z ∈ C\R, the kernel is given by
1
σ2(i ∂x)− z (x1, x2) =
{∑2
j,k=1m
+
j,k(z)τj(z, x1)τ
T
k (z, x2) if x1 > x2 > 0,∑2
j,k=1m
−
j,k(z)τj(z, x1)τ
T
k (z, x2) if x2 > x1 > 0.
Here the 2 × 2 matrices m+(z),m−(z) are given in terms of complex coef-
ficients ma(z),mb(z), chosen such that ma(z)τ1(z, · ) + τ2(z, · ) satisfies the
boundary condition at 0 and thatmb(z)τ1(z, · )+τ2(z, · ) is square-integrable
at ∞. Using the fundamental system
τ1(z, x) =
(
cos zx
sin zx
)
, τ2(z, x) =
(− sin zx
cos zx
)
,
we obtain that ma( i ) = 0, mb( i ) = i and therefore (by the formula of
[Wei03]) the explicit resolvent kernel
1
σ2(i ∂x)− i (x1, x2) =

e−x1
(
i sinhx2 − coshx2
sinhx2 i coshx2
)
for x1 > x2 ≥ 0,
e−x2
(
i sinhx1 sinhx1
− coshx1 i coshx1
)
for x2 > x1 ≥ 0.
Since 1I0(x1)(σ2(i ∂x) − i )−1(x1, x2) is square-integrable as a function on
R+× R+, we deduce with Proposition 2.10 that 1I0(h0 − i )−1 is Hilbert-
Schmidt with HS norm∥∥∥∥1I0 1h0 − i
∥∥∥∥2
HS
=
∥∥∥∥1I0 1σ2(i ∂x)− i
∥∥∥∥2
HS
=
∫ ∞
0
∫ ∞
0
|1I0(x1)|2
∥∥∥∥ 1σ2(i ∂x)− i (x1, x2)
∥∥∥∥2
M2(C)
dx1dx2
=
∫ ∞
0
|1I0(x1)|2
∫ ∞
0
e−2|x1−x2| dx2dx1
≤ |I0|.
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Now we want to present a method to connect (massless) one-dimensional
Dirac operators with different potentials (A, v) and (A˜, v˜). More explicitly,
we consider classes of potentials (A, v) for which one can establish a relation
to a one-dimensional Dirac operator with a (almost) pure scalar potential
v˜/ (almost) pure magnetic potential A˜. We first discuss the possibility to
reduce h/hk to a Dirac operator with (almost) pure scalar potential, for
what we introduce the classes:
Assumption 2.14 (AS1). A, v ∈ L2loc(R,R) such that A = A1 + A2, v =
v1 + v2, where A1, v1 have compact support and A2, v2 ∈ C1(R,R) fulfill
i) v2 is supported away from 0 and supp(A2) ⊂ supp(v2),
ii) ‖A2/v2‖∞ < 1,
iii) the derivative (A2/v2)
′ is bounded on R.
Assumption 2.15 (AS1′). A, v ∈ Lploc([0,∞),R) for some p > 2 such
that A = A1 + A2, v = v1 + v2, where A1, v1 have compact support and
A2, v2 ∈ C1(R+,R) fulfill
i) v2 is supported away from 0 and supp(A2) ⊂ supp(v2),
ii) ‖A2/v2‖∞ < 1,
iii) the derivative (A2/v2)
′ is bounded on [0,∞).
We remark that condition ii) is essential for the transformation we use.
As we already mentioned in the introduction, Lorentz boosts can manip-
ulate two-dimensional electromagnetic field configurations which one may
describe by (A, v). Since LΛ = e
n·σθ/2 represents the Lorentz boost in direc-
tion n ∈ R2, we study the behaviour of h and hk under the transformation
eσ2θ/2 on the corresponding Hilbert spaces:
Let a <∞, then for θ ∈ C1((a,∞),R) we obtain
e−σ2θ/2σ1eσ2θ/2 = e−σ2θσ1 = (cosh θ − σ2 sinh θ)σ1
by the commutator and multiplication properties of the Pauli matrices.
Therefore, we have
e−σ2θ/2σ1(−i ∂x)eσ2θ/2 = e−σ2θ/2σ1eσ2θ/2e−σ2θ/2(−i ∂x)eσ2θ/2
= (cosh θ − σ2 sinh θ)σ1
(− i ∂x − iσ2 θ′2 )
= cosh θ(1− σ2 tanh θ)σ1
(− i ∂x − iσ2 θ′2 )
(2.25)
on C∞0 ((a,∞),C2). For potentials (v,A) belonging to class (AS1) or (AS1′),
condition ii) allows one to define the bounded function
θ = tanh−1 β := tanh−1
(
A2
v2
)
= tanh−1
(
A2
v
)
∈ C1((a,∞),R) (2.26)
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for a = −∞ or a = 0 respectively. We set, as common in physics literature,
γ = cosh θ, i.e. γ−1 =
√
1− β2. For a Dirac operator h on L2(R,C2) with
(A, v) satisfying (AS1) we use (2.26) and obtain
e−σ2θ/2heσ2θ/2 = Mσ1
(
− i ∂x − iσ2 θ
′
2
)
+
(
1− σ2A2
v
)
v − σ2A1
= M
[
σ1(−i ∂x) + v/γ − γ(1 + σ2β)σ2A1 + σ3 θ
′
2
] (2.27)
on C∞0 (R,C2), where the multiplication operatorM := γ(1−σ2β) is bounded
on L2(R,C2) with inverse M−1 = γ(1 + σ2β). Respectively, the operator
hk, with potentials (A, v) satisfying (AS1
′), transforms as
e−σ2θ/2hkeσ2θ/2 = M
[
σ1(−i ∂x) + v/γ + γ(1 + σ2β)σ2
(
k
x
−A1
)
+ σ3
θ′
2
]
on C∞0 (R+,C2). As above, we use the abbreviation M = γ(1−σ2β), though,
in this case the operator M acts on L2(R+,C2). Summarising, we have the
identities
e−σ2θ/2heσ2θ/2 = Mh˜ and e−σ2θ/2hkeσ2θ/2 = Mh˜k (2.28)
on C∞0 (R,C2) and on C∞0 (R+,C2) respectively. The operator
h˜ := σ1(−i ∂x)− γ(1 + σ2β)σ2A1 + v/γ + σ3 θ
′
2
on L2(R,C2)
is of type (2.1) with a bounded perturbation term σ3
θ′
2 , hence essentially
self-adjoint on C∞0 (R,C2). Similarly,
h˜k := σ1(−i ∂x) + γ(1 + σ2β)σ2
(
k
x
−A1
)
+ v/γ + σ3
θ′
2
on L2(R+,C2)
is of type (2.6) (since A2 = 0 in a vicinity of zero and therefore β), perturbed
by a bounded operator. So for k ∈ Z + 12 also h˜k is essentially self-adjoint
on C∞0 (R+,C2). As a consequence, the operators Mh˜ and Mh˜k are closed
on the corresponding domains D(h˜) and D(h˜k).
Theorem 2.16 (Lemma 1 of [MS15]). Consider the operator h with poten-
tials satisfying (AS1), and for k ∈ Z + 12 the operators hk with potentials
satisfying (AS1′). Then the domain relations D(h˜) = D(Mh˜) = e−σ2θ/2D(h)
and D(h˜k) = D(Mh˜k) = e−σ2θ/2D(hk) hold true. Further, we have for any
z ∈ %(h) = %(Mh˜) that
(Mh˜− z)−1 = e−σ2θ/2(h− z)−1eσ2θ/2,
as well as for any z ∈ %(hk) = %(Mh˜k) that
(Mh˜k − z)−1 = e−σ2θ/2(hk − z)−1eσ2θ/2.
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Proof. We give the proof only for the operator h. The argument for hk is
completely analogous since in this case we have C∞0 (R+,C2) as a common
core for hk and Mh˜k. The equality D(h˜) = D(Mh˜) is a direct consequence
of the bounded invertibility of M , following from ii) of (AS1). We note
that C10 (R,C2), consisting of C1-functions with compact support, is also
contained in D(h) and in D(h˜), hence it is also an operator core for h and
h˜. Further, the first relation of (2.28) is also valid on C10 (R,C2) (which
is an invariant subspace under the transformation e±θ/2σ2). Therefore, we
deduce, for ϕ ∈ C10 (R,C2), that∥∥e−σ2θ/2ϕ∥∥
Mh˜
≤ ∥∥e−σ2θ/2∥∥∞‖ϕ‖h , (2.29)∥∥eσ2θ/2ϕ∥∥
h
≤ ∥∥eσ2θ/2∥∥∞‖ϕ‖Mh˜ . (2.30)
If ϕ ∈ D(h), we choose a sequence (ϕn)n∈N ⊂ C10 (R,C2) that converges to ϕ
in the h-graph norm. By (2.29), the sequence (e−σ2θ/2ϕn)n∈N ⊂ C10 (R,C2)
is Cauchy in the Mh˜-graph norm. Hence,
lim
n→∞ e
−σ2θ/2ϕn = e−σ2θ/2ϕ ∈ D(Mh˜).
The inclusion D(Mh˜) ⊂ e−σ2θ/2D(h) follows similarly by using estimate
(2.30) instead of (2.29) . To derive %(h) = %(Mh˜) and the resolvent identity
for z ∈ %(h), first note that for any z ∈ C we have the operator identity
e−σ2θ/2(h− z)eσ2θ/2 = (Mh˜− z) on D(Mh˜) = e−σ2θ/2D(h). (2.31)
Recall that z ∈ %(h) iff h− z : D(h)→ L2(R,C2) is bijective with bounded
inverse, which holds (due to (2.31)) iff Mh˜ − z : D(Mh˜) → L2(R,C2) is
bijective with bounded inverse. Hence, the resolvent sets are equal. In this
case, i.e. z ∈ %(h), it is easy to see that
(Mh˜− z)−1 = e−θ/2σ2(h− z)−1eθ/2σ2 .
Now we want to discuss the second class of potentials (A, v), for which
one can establish similar relations as in Theorem 2.16, but to operators with
an almost vanishing scalar potential. As one may guess, this is possible when
v < A at large values in order to use a similar transformation as above with
a reciprocal “boost speed” θ∗ ≈ v/A. We introduce:
Assumption 2.17 (AS2). A, v ∈ L2loc(R,R) such that A = A1 + A2, v =
v1 + v2, where A1, v1 are compactly supported and A2, v2 ∈ C1(R,R) fulfill
i) A2 is supported away from 0 and supp(v2) ⊂ supp(A2),
ii) ‖v2/A2‖∞ < 1,
iii) the derivative (v2/A2)
′ is bounded on R.
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Assumption 2.18 (AS2′). A, v ∈ Lploc([0,∞),R) for some p > 2 such
that A = A1 + A2, v = v1 + v2, where A1, v1 are compactly supported and
A2, v2 ∈ C1(R+,R) fulfill
i) A2 is supported away from 0 and supp(v2) ⊂ supp(A2),
ii) ‖v2/A2‖∞ < 1,
iii) the derivative (v2/A2)
′ is bounded on [0,∞).
Analogously as in (2.26), we define for potentials (A, v) satisfying (AS2)
or (AS2′)
θ∗ = tanh−1 β∗ := tanh−1
(
v2
A2
)
= tanh−1
(
v2
A
)
∈ C1((a,∞),R),
with a = −∞ or a = 0 respectively. Note that θ∗ is bounded. Further, we
set γ−1∗ =
√
1− β2∗ and M∗ = γ∗(1−σ2β∗). The latter is again an invertible
matrix function with inverse M−1∗ = γ∗(1 + σ2β∗). For an operator h with
potentials of class (AS2) we obtain
e−σ2θ∗/2heσ2θ∗/2 = M∗
[
σ1(−i ∂x)− σ2A/γ∗ + γ∗(1 + σ2β∗)v1 + σ3 θ
′∗
2
]
on C10 (R,C2). Note that
hˆ := σ1(−i ∂x)− σ2A/γ∗ + γ∗(1 + σ2β∗)v1 + σ3 θ
′∗
2
is again essentially self-adjoint on C∞0 (R,C2) and has (beside the residual
terms γ∗(1 + σ2β∗)v1, σ3θ′∗/2) only the magnetic potential A/γ∗. If hk is
coupled to potentials of type (AS2′), we obtain
e−σ2θ∗/2hkeσ2θ∗/2 = M∗hˆk
on C10 (R+,C2), with the operator
hˆk = σ1(−i ∂x) + σ2
(
k
x
−A/γ∗
)
+M−1∗ v1 + σ2(M
−1
∗ − 1)
k
x
+ σ3
θ′∗
2
on L2(R+,C2). Since M∗ = 1 in a vicinity of 0, we see that σ2(M−1∗ − 1)kx
is bounded. So hk is again essentially self-adjoint on C
∞
0 (R+,C2) for every
k ∈ Z+ 12 . Analogously to Theorem 2.16, one proves
Theorem 2.19. Consider the operator h with potentials satisfying (AS2),
and for k ∈ Z+ 12 the operators hk with potentials satisfying (AS2′).Then the
domain relations D(hˆ) = D(M∗hˆ) = e−σ2θ∗/2D(h) and D(hˆk) = D(M∗hˆk) =
e−σ2θ∗/2D(hk) hold true. Further, we have for any z ∈ %(h) = %(M∗hˆ) that
(M∗hˆ− z)−1 = e−σ2θ∗/2(h− z)−1eσ2θ∗/2,
as well as for any z ∈ %(hk) = %(M∗hˆk) that
(M∗hˆk − z)−1 = e−σ2θ∗/2(hk − z)−1eσ2θ∗/2.
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2.1.3 Spectral Properties
In this last part of the first section we shortly present some (partially known)
facts about Dirac operators on the line and half-line. In particular, we
focus on spectral features of h and of the hk’s for potential functions A and
v that are allowed to grow at large values. Some of them are immediate
consequences of the previous theorems on potential transformations.
1) First of all, we consider the case A = 0, i.e. the operators h and hk with
purely scalar potentials v. Since the operators σ1(−i ∂x) on L2(R,C2)
and σ1(−i ∂x) on L2(R+,C2) have purely absolutely continuous spectrum
covering the whole real line (see Satz 15.31 of [Wei03]), we deduce from
Proposition 2.12 that
σac(h) = σac(h0) = R, σsc(h) = σsc(h0) = ∅, σpp(h) = σpp(h0) = ∅.
For k 6= 0 the spectrum of hk has not that canonical structure. Indeed,
even for potentials v with bounded support eigenvalues can occur if |k| >
1
2 as shown in [Sch10]. However, assuming certain additional regularity
on v, this can only happen at points of σ(hk) = R that lie in the limit
range of v, i.e. in the range of v at ∞; Outside that limit range of v
the spectrum remains purely absolutely continuous (see Theorem 4 in
[Sch10] for the precise statement). In particular, if v(x)→∞ as x→∞
this implies again the absence of pure point and singular continuous
spectrum for hk.
2) Now assume that v = 0. Because the potential function A describes
in our considerations a magnetic field, we are particularly interested in
statements when A2 grows at (±)∞.
For h assume that A satisfies the regularity conditions of Assumption
2.17. Then for ϕ ∈ C∞0 (R,C2) with supp(ϕ)∩ supp(A1) = ∅ we compute
‖hϕ‖2 = 〈(σ1(−i ∂x)− σ2A2)ϕ, (σ1(−i ∂x)− σ2A2)ϕ〉
= 〈ϕ′, ϕ′〉+ 〈A2ϕ,A2ϕ〉+ 〈−iϕ′,−iσ3A2ϕ〉 − 〈−iσ3A2ϕ,−iϕ′〉
= 〈ϕ′, ϕ′〉+ 〈A2ϕ,A2ϕ〉 − 〈ϕ, σ3A′2ϕ〉
≥ 〈A2ϕ,A2ϕ〉 − 〈ϕ, σ3A′2ϕ〉.
In the case of hk assume that A satisfies the regularity conditions of
Assumption 2.18. Then for ϕ ∈ C∞0 (R+,C2) with supp(ϕ)∩ supp(A1) =
∅ we obtain (c.f. Chapter 7.3 of [Tha92])
‖hkϕ‖2 ≥ 〈A2ϕ,A2ϕ〉 − 〈ϕ, σ3A′2ϕ〉 − 2
〈
k
x
ϕ,A2ϕ
〉
.
By Remark B.2 of the Appendix, we conclude that if
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• A22(x) −→∞ as |x| → ∞,
• A′2(x)/A22(x) −→ 0 as |x| → ∞,
then the operators h and hk, with k 6= 0, have purely discrete spectrum,
i.e. σ(h), σ(hk) consist only of eigenvalues of finite multiplicity.
3) Unlike scalar potentials v, strong off-diagonal potential functions σ2A do
produce eigenvalues and spectral gaps. In view of the discussion in the
previous subsection for preparing Theorem 2.19, it is plausible that the
quality of the spectrum of h and hk does not change as long as v is small
compared to A at (±)∞. Let us make that precise:
Consider h and hk (with k 6= 0) coupled to potentials (A, v) of class
(AS2) and (AS2′) respectively. Then, by Theorem 2.19, we know that
(using the notation of Subsection 2.1.2)
(h− i )−1 is compact ⇐⇒ (M∗hˆ− i )−1 is compact,
which analogously holds for hk and hˆk. In view of D(hˆ) = D(M∗hˆ),
the closed graph Theorem (see Chapter 4 of [Wei00]) implies that the
operators (hˆ− i )(M∗hˆ− i )−1 and (M∗hˆ− i )(hˆ− i )−1 are bounded (here
hˆ can be replaced by hˆk). Hence, we deduce that
(h− i )−1 is compact ⇐⇒ (hˆ− i )−1 is compact,
(hk − i )−1 is compact ⇐⇒ (hˆk − i )−1 is compact.
The operators hˆ and hˆk have, beside the bounded residual terms σ3θ
′∗/2
and σ2(M
−1∗ − 1) 1x , only a magnetic potential. As in 2), we see that if
• (A2/γ∗)2(x) −→∞ as |x| → ∞,
• (A2/γ∗)′(x)/(A2/γ∗)2(x) −→ 0 as |x| → ∞,
the operators hˆ and hˆk have compact resolvent. This enables us to
generalise the case v = 0 to
Corollary 2.20. Consider the operators h and hk, with k 6= 0, coupled
to potentials (A, v) that satisfy Assumptions 2.17 and 2.18 respectively.
Assume that
a) A22(x) −→∞ as |x| → ∞,
b) A′2(x)/A22(x) −→ 0 as |x| → ∞,
then h and hk have compact resolvent, i.e. σ(h) = σdisc(h) and σ(hk) =
σdisc(hk).
We remark that one can also obtain Corollary 2.20 by a more direct
argument (see Appendix A of [MS14]). This second argument bypasses
potential transformations, so one can see that the statement of Corollary
2.20 holds true, even if one weakens the regularity condition on v2 and
drop the boundedness of (v2/A2)
′.
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4) Finally, we have a look on the quality of the spectrum of h and hk when
v is large compared to A. The discussion on potential transformations
suggests that for potentials (A, v) with |A| < |v| at ∞ (c.f. Assump-
tions 2.14 and 2.15), the operators h and hk should also be spectrally
related to operators with an almost pure scalar potential. Deducing this
from the resolvent identities of Theorem 2.16 is not that canonical as in
case 3) above. However, there exist already results confirming that if v
dominates A at large values, the spectrum of h and hk is again purely
absolutely continuous. These are immediate consequences of the Gilbert-
Pearson theory (see e.g. Section 15.7 of [Wei03]), which gives the abso-
lute continuity of the spectrum due to the boundedness of the solutions
of the corresponding ODE. In our context this technique leads to
Proposition 2.21. Consider the operators h and hk, with k 6= 0, coupled
to potentials (A, v) that satisfy Assumptions 2.14 and 2.15 respectively.
Assume that
a) |v2(x)| −→ ∞ as x→∞,
b) (A2/v2)
′ is integrable at ∞,
then σ(h) = σ(hk) = R is purely absolutely continuous, i.e. σsc(h) =
σpp(h) = ∅ and σsc(hk) = σpp(hk) = ∅.
A proof of this statement is given in [SY98] for even more general con-
ditions and also for Dirac operators on the (half-)line with mass terms.
We remark that the additional condition on the integrability of (A2/v2)
′
also means that the term σ3θ
′/2 of h˜ and h˜k can be seen as an L1-per-
turbation. In addition, one also needs condition a) of Proposition 2.21
to exclude eigenvalues for hk with pure scalar potential (i.e. A = 0).
2.2 Dirac and Pauli Operators in Dimension Two
2.2.1 Self-Adjointness and Gauge Invariance
In this section we establish the mathematical setup for the massless Dirac
operator and the Pauli operator in dimension two.
Let A ∈ Lploc(R2,R2) and V ∈ Lqloc(R2,R), with p, q ∈ (2,∞). The mag-
netic Dirac operator on L2(R2,C2) is a priori given by
DAψ :=
[
σ · (−i∇−A)]ψ, ψ ∈ C∞0 (R2,C2), (2.32)
and the massless Dirac Hamiltonian on L2(R2,C2) by
HDψ :=
[
DA + V
]
ψ, ψ ∈ C∞0 (R2,C2). (2.33)
For such weak regularity conditions on A the magnetic field
B = curl A := ∂1A2 − ∂2A1 (2.34)
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is in general defined in distributional sense. Due to [Che77], the operators
DA and HD, as defined in (2.32) and (2.33), are essentially self-adjoint. As
usual, we denote the self-adjoint extensions of DA and HD by the same
symbols and their domains by D(DA) and D(HD) respectively.
Remark 2.22. For any given A ∈ Lploc(R2,R2) and V ∈ Lqloc(R2,R), with
p, q ∈ (2,∞), the self-adjoint operator HD on L2(R2,C2) is locally compact.
Proof. For R > 0 let χR ∈ C∞0 (R2, [0, 1]) be a smooth characteristic function
on the ball of radius R, i.e.
χR(x) =
{
1 for |x| ≤ R,
0 for |x| ≥ R+ 1.
The right hand side of the resolvent identity
1
DA + V − i χR − χR
1
D0 − i
=
1
DA + V − i
[
(σ ·A− V )χR − σ · (−i∇χR)
] 1
D0 − i
is compact since due to the Kato-Seiler-Simon inequality, we know that the
product W (D0 − i )−1 is compact whenever W ∈ Lp(R2,C2×2) for some
p > 2. Consequently, also the operator (DA + V − i )−1χR is compact.
Since the physics of the described system should depend on the magnetic
field B and not on the vector potential A, we briefly discuss the gauge in-
variance of HD: Assume that the two vector potentials A, A˜ ∈ Lploc(R2,R2),
with p > 2, generate the same magnetic field, i.e.
curl A = curl A˜ = B.
Then, as shown in [Lei83], there exists a gauge function Γ ∈ W 1,ploc (R2,R)
such that
A˜ = A +∇Γ.
Let V ∈ Lqloc(R2,R) be a given scalar potential. Using a local approximation
of Γ by smooth functions (with respect to the W 1,p-norm), one can verify
that e−i ΓC∞0 (R2,C2) ⊂ D(DA + V ) and that
ei Γ(DA + V )e
−i Γψ = (DA˜ + V )ψ (2.35)
holds for ψ ∈ C∞0 (R2,C2) (see [KS12] for a detailed calculation). Because
DA˜ + V is essentially self-adjoint on C
∞
0 (R2,C2), we conclude that
e−i ΓD(DA˜ + V ) ⊂ D(DA + V ) (2.36)
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and that (2.35) is also valid for ψ ∈ D(DA˜ + V ). It is easy to see that
even “=” holds in (2.36), thus the two operators DA + V and DA˜ + V are
unitarily equivalent.
The Pauli operator without an electric potential can, for A ∈ Lploc(R2,R2)
and p > 2, be simply defined as the square of the magnetic Dirac operator,
i.e. PA = D
2
A. Clearly, it is a self-adjoint operator on the natural domain
{ψ ∈ D(DA) |DAψ ∈ D(DA)}, and since C∞0 (R2,C2) is an operator core of
DA, it is also a form core for PA. We remark that it is possible to define the
magnetic Pauli operator PA for even more singular vector potentials than
L2loc by using proper quadratic forms (see [EV02]). However, we deal with
strong negative scalar potentials V and therefore we cannot use quadratic
form methods to define the full Pauli Hamiltonian. Instead, we establish the
self-adjoint operator PA+V on L
2(R2,C2) by using essential self-adjointness
on a nice core:
Proposition 2.23. Assume that A ∈ C1,α(R2,R2) for some α ∈ (0, 1), i.e.
assume that the derivatives of A are locally (uniformly) α-Ho¨lder continu-
ous. In addition, let V ∈ Cα(R2,R) satisfy the lower bound condition
V (x) ≥ −c|x|2 + d , x ∈ R2, (2.37)
for some constants c > 0, d ∈ R. Then the densely defined operator
HPψ =
[
[σ · (−i∇−A)]2 + V ]ψ, ψ ∈ C∞0 (R2,C2)
is essentially self-adjoint.
A proof of this Proposition can be found in [Iwa90] or [Meh15]. Note
that condition (2.37) on the maximal growth rate of the negative part of V
is the same as for the classical Schro¨dinger operator −∆ + V . Therefore,
(2.37) cannot be relaxed or dropped. The regularity conditions on A and V
are quite strong compared to those in the magnetic Schro¨dinger case (see,
e.g. Chapter X of [RS75] or Chapter 1 of [CFKS87]). This results from
the fact that the proof of Proposition 2.23 does not rely on quadratic form
techniques, which involve the diamagnetic inequality for −i∇−A. Instead,
one proves Proposition 2.23 by arguing that ker(H∗P ± i ) = {0}, requiring
more regularity on the potential functions. One might be able to extend this
method up to potentials A ∈ L∞loc, with div A, curl A ∈ L∞loc, and V ∈ L∞loc,
but still that is much compared to the regularity conditions on the magnetic
Schro¨dinger operator. Anyway, for our purposes we are contented with Pro-
position 2.23, even if this remains an interesting problem.
Remark 2.24. For V = 0 the self-adjoint operator HP , given by Proposi-
tion 2.23, coincides with the operator square of DA, i.e. also D
2
A is essen-
tially self-adjoint on C∞0 (R2,C2).
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Remark 2.25. The self-adjoint operator HP on L
2(R2,C2), given by Propo-
sition 2.23, is locally compact.
The statement of the last remark can easily be verified using a compari-
son argument as in the proof of Remark 2.22: the local compactness of DA
implies immediately the one of D2A, hence one may compare the resolvents
of HP and D
2
A.
Remark 2.26. If A, A˜ ∈ C1,α(R2,R2) are two different gauges of the same
magnetic field B, then the operators HP = PA + V and H˜P = PA˜ + V on
L2(R2,C2) are unitarily equivalent.
2.2.2 Supersymmetry, Zero Modes and Landau Levels
In this subsection we want to point out some particular features of the mag-
netic Dirac operator DA and of its square PA, the magnetic Pauli operator.
As in the definition of DA, assume that A ∈ Lploc(R2,R2) for some p > 2.
First, let us briefly recapitulate the relation between the positive and neg-
ative part of DA and describe the structure of ker(DA). To this aim, we
introduce the following orthogonal projectors on L2(R2,C2):
Π− := 1(−∞,0)(DA), Π0 := 1{0}(DA), Π+ := 1(0,∞)(DA). (2.38)
Further, we set Π⊥0 := id−Π0, which denotes the projection onto ker(DA)⊥.
Since the self-adjoint operator DA on L
2(R2,C2) has an off-diagonal
structure, we can write
DAC∞0 (R2,C2) =
(
0 d∗
d 0
)
, (2.39)
with the closable operators
d := (−i ∂1 −A1) + i (−i ∂2 −A2) on C∞0 (R2,C),
and
d∗ := (−i ∂1 −A1)− i (−i ∂2 −A2) on C∞0 (R2,C).
As usual, we denote also their closures by d and d∗. The notation already
indicates that d∗ is the adjoint operator of d, which is a direct consequence of
the essential self-adjointness of DAC∞0 (R2,C2) (see Section 5.2.2 of [Tha92]).
We extend identity (2.39) to
DA =
(
0 d∗
d 0
)
on D(DA) = D(d)⊕D(d∗), (2.40)
and remark that
ker(DA) = ker(d)⊕ ker(d∗), ker(DA)⊥ = ker(d)⊥ ⊕ ker(d∗)⊥,
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as well as
Π0 =
(
pi 0
0 pi∗
)
, Π⊥0 =
(
pi⊥ 0
0 pi⊥∗
)
.
Obviously, pi, pi∗ denote the orthogonal projections onto ker(d), ker(d∗), and
analogously pi⊥, pi⊥∗ the orthogonal projections onto ker(d)⊥, ker(d∗)⊥. Due
to the off-diagonal matrix structure of DA, one has the same structure for
the signum of DA, i.e.
sgn(DA) :=
DA
|DA| =
(
0 s∗
s 0
)
on ker(DA)
⊥.
Since sgn(DA) is an involution on ker(DA)
⊥, the maps
s : ker(d)⊥ → ker(d∗)⊥, s∗ : ker(d∗)⊥ → ker(d)⊥ (2.41)
are unitary and adjoint to each other. Taking the square of (2.40) results
in the diagonal operator
D2A =
(
d∗d 0
0 dd∗
)
on D(D2A) = {ψ ∈ D(DA) |DAψ ∈ D(DA)}.
The diagonal entries d∗d and dd∗ are self-adjoint on the domains D(d∗d) =
{φ ∈ D(d) | dφ ∈ D(d∗)} and D(dd∗) = {φ ∈ D(d∗) | d∗φ ∈ D(d)} respec-
tively. Considering the operator identity D2A = sgn(DA)D
2
Asgn(DA) on
ker(DA)
⊥ by components, we get(
d∗d 0
0 dd∗
)
ψ =
(
s∗dd∗s 0
0 sd∗ds∗
)
ψ, (2.42)
for ψ = (ψ1, ψ2)
T with ψ1 ∈ D(d∗d) ∩ ker(d)⊥ and ψ2 ∈ D(dd∗) ∩ ker(d∗)⊥.
In particular, d∗dker(d)⊥ and dd∗ker(d∗)⊥ are unitarily equivalent and satisfy
σ(d∗d)\{0} = σ(dd∗)\{0} ⊂ (0,∞).
The operators d∗d and dd∗ are useful for diagonalising the matrix struc-
ture of DA. Indeed, using the Foldy-Wouthuysen transformation (see, e.g.
[KS12] for an explicit computation), one can see that DA is unitarily equi-
valent to (√
d∗d 0
0 −
√
dd∗
)
.
We conclude
Proposition 2.27. The positive and negative part of the self-adjoint oper-
ator DA admit the unitarily equivalent representation
Π+DAΠ+ ∼=
√
d∗dker(d)⊥ and Π−DAΠ− ∼= −
√
dd∗ker(d∗)⊥
in terms of d∗d and dd∗. In particular, −Π−DAΠ− and Π+DAΠ+ are uni-
tarily equivalent, hence the spectrum of DA is symmetric with respect to the
origin.
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One can even gain a bit more information on the spectrum of DA if one
looks at the (formal) commutator of d and d∗: For φ1, φ2 ∈ C∞0 (R2,C) we
obtain
〈d∗φ1, d∗φ2〉 =
2∑
j=1
〈
(−i ∂j −Aj)φ1, (−i ∂j −Aj)φ2
〉
+ 〈φ1, Bφ2〉,
〈dφ1, dφ2〉 =
2∑
j=1
〈
(−i ∂j −Aj)φ1, (−i ∂j −Aj)φ2
〉− 〈φ1, Bφ2〉,
with B = curl A, as defined in (2.34), considered as a distribution. Com-
bining both identities, we deduce that
〈d∗φ1, d∗φ2〉 − 〈dφ1, dφ2〉 = 〈φ1, 2Bφ2〉 (2.43)
for φ1, φ2 ∈ C∞0 (R2,C) and observe
Proposition 2.28. For A ∈ Lploc(R2,R2), with p > 2, assume that B =
curl A ∈ L∞loc(R2,R) is bounded from below. Then
‖DAΠ⊥0 ψ‖2 = ‖d∗spi⊥ψ1‖2 + ‖d∗pi⊥∗ ψ2‖2 ≥
〈
SΠ⊥0 ψ, 2BSΠ
⊥
0 ψ
〉
for ψ ∈ C∞0 (R2,C2), hence also for ψ ∈ D(DA). Here S denotes the map
S =
(
s 0
0 id
)
on ker(d)⊥ ⊕ L2(R2,C).
This proposition states that the operator D2A on Π
⊥
0 L
2(R2,C2) can be
considered as bounded from below by 2B (up to unitary equivalence). Simi-
larly, we deduce the lower bound −2B on Π⊥0 L2(R2,C2). As a consequence,
the next corollary is also true if the assumptions hold for −B instead of B.
Corollary 2.29. For A ∈ Lploc(R2,R2), with p > 2, assume that B =
curl A ∈ L∞loc(R2,R) is bounded from below. If B ≥ B0 > 0 on R2, then(−√2B0, 0) ∪ (0,√2B0) ⊂ %(DA).
Further, if B →∞ as |x| → ∞, then DAΠ⊥0 on Π⊥0 L2(R2,C2) has compact
resolvent, i.e. σ(DA)\{0} consists only of eigenvalues of finite multiplicity.
Now we take a closer look on the kernel ker(DA) = ker(D
2
A) of the
operator DA. To this aim, it is convenient to work with the notation of
complex calculus, i.e. we set z = x1 + ix2 and use the differential operators
∂z :=
1
2
(∂1 − i ∂2), ∂z¯ := 1
2
(∂1 + i ∂2).
We can write d and d∗ as
d = −2i ∂z¯ − (A1 + iA2), d∗ = −2i ∂z − (A1 − iA2).
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To employ this compact notation, suppose that curl A ∈ Lqloc(R2,R) for
some q ∈ (1, 2]. Then, as shown in [EV02], one can find a solution Φ ∈
W 2,qloc (R
2,R) of the Laplace equation
∆Φ = curl A. (2.44)
Since A˜ := (−∂2Φ, ∂1Φ) ∈ L2loc(R2,R) (see, e.g. [KS12]) satisfies curl A =
curl A˜, we may assume that A = A˜ in view of the gauge invariance of DA.
A simple calculation shows that
d = e−Φ(−2i ∂z¯)eΦ and d∗ = eΦ(−2i ∂z)e−Φ
hold on C∞0 (R2,C2). So the essential self-adjointness of DA allows us to
rewrite ker(DA) in the following way:
ψ ∈ ker(DA) ⇔
〈
DAψˆ, ψ
〉
= 0 ∀ ψˆ ∈ C∞0 (R2,C2)
⇔ 〈eΦ(−2i ∂z)e−Φφ, ψ1〉 = 0 ∀ φ ∈ C∞0 (R2,C),〈
e−Φ(−2i ∂z¯)eΦφ, ψ2
〉
= 0 ∀ φ ∈ C∞0 (R2,C)
⇔ ∂z¯eΦψ1 = 0, ∂ze−Φψ2 = 0,
where the equations in the last line have to be seen in the sense of distribu-
tions. We obtain
ker(DA) =
{(
ω1e
−Φ
ω2 e
Φ
)
∈ L2(R2,C2) |ω1, ω2 are entire in x1 + ix2
}
.
(2.45)
Note that the right hand side of (2.45) does not depend on the solution Φ
of the Laplace equation (2.44). This representation of ker(DA) is useful to
prove (see, e.g. [RS06])
Proposition 2.30. Let Φ ∈ W 2,qloc (R2,R), with q ∈ (1, 2], be a potential
function for the vector potential A, i.e. assume that A = (−∂2Φ, ∂1Φ). If
the positive and negative part of B = curl A satisfy∫
R2
[B]+ d
2x =∞,
∫
R2
[B]− d2x <∞,
then the space ker(d) = {ωe−Φ ∈ L2(R2,C) |ω is entire in x1 + ix2} is in-
finite dimensional.
To close this paragraph, we want to discuss an example of DA that is
completely solvable: The Landau-Dirac Hamiltonian denotes DA in the case
B = B0 ≡ const. Let us only discuss the case B0 > 0. Using the potential
function Φ(x) = B04 (x
2
1 + x
2
2), generating the vector potential
A(x) =
B0
2
(−x2
x1
)
,
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we can write (with the complex calculus notation)
d = −2i (∂z¯ + B04 z), d∗ = −2i (∂z − B04 z¯). (2.46)
The commutator relation (2.43) reads as [d, d∗] = dd∗ − d∗d = 2B0 on
C∞0 (R2,C), hence the self-adjoint operators dd∗ and d∗d differ only by the
constant 2B0. Therefore, we have
σ(dd∗) = σ(d∗d) + 2B0 ⊂ [2B0,∞),
and by the unitary equivalence of d∗dker(d)⊥ and dd∗ker(d∗)⊥ we know that
σ(d∗d) ⊂ {0} ∪ [2B0,∞). Iterating this argument leads to
σ(d∗d) ⊂ {2nB0 |n ∈ N0}, σ(dd∗) ⊂ {2nB0 |n ∈ N}. (2.47)
For showing equality in (2.47), note that any function
Ωm(z) := z
me−
B0
4
zz¯ = (x1 + ix2)
me−
B0
4
(x21+x
2
2),
with m ∈ N0, satisfies Ωm ∈ ker(d). In addition, using (2.46), we have
[
(d∗)nΩm
]
(z) = (iB0)
nz¯nzme−
B0
4
zz¯, z ∈ C,
for any n,m ∈ N0. Obviously, (d∗)n+1Ωm ∈ D(d) and
dd∗(d∗)nΩm = 2(n+ 1)B0(d∗)nΩm (2.48)
holds for any n,m ∈ N0, i.e. (d∗)nΩm is an eigenfunction of the operator
dd∗ for the eigenvalue 2(n+ 1)B0. Consequently,
σ(dd∗) = σ(d∗d) + 2B0 = {2nB0 |n ∈ N}
and each eigenvalue is infinitely degenerate. Thus, Proposition 2.27 implies
that
σ(DA) = σess(DA) =
{±√2nB0 | n ∈ N0}.
A simple computation shows that for any m ∈ N0
ψ−n,m =
(
(d∗)nΩm
−√2nB0(d∗)n−1Ωm
)
and ψ+n,m =
(
(d∗)nΩm√
2nB0(d
∗)n−1Ωm
)
are (not normalised) eigenfunctions of DA associated to the values −
√
2nB0
and
√
2nB0 respectively.
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2.2.3 Two-Dimensional Systems with Symmetry
There are two important types of symmetries in dimension two that allow
a decomposition of the operators HD and HP in a family of (Dirac and
Schro¨dinger) operators on the (half-)line: The invariance of the system un-
der rotations of the plane and the invariance of the system under translations
in one distinct direction (for example the x2-direction). To discuss a few
consequences of this two symmetries, we assume here that A ∈ C1,α(R2,R2)
(and therefore curl A = B ∈ Cα(R2,R)), and that V ∈ Cα(R2,R) for some
α ∈ (0, 1), even if a part of the following considerations is also valid for less
regularity.
Assume that the considered system in dimension two is invariant under
rotations, i.e. the electro-magnetic field configuration is invariant under
rotations of the plane. Then we can write B(x) = b(|x|) and V (x) = v(|x|)
for x ∈ R2, where b, v : R+ → R are sufficiently regular. To perform the
polar decomposition, suppose that A is in the radial gauge
A(x) =
A(|x|)
|x|
(−x2
x1
)
, A(r) =
1
r
∫ r
0
b(s)sds. (2.49)
Let HD be the self-adjoint operator given by (2.33). As carried out in Chap-
ter 7.3 of [Tha92] (or in Section 6 of [KS12]), one can find a unitary map
U : L2(R2,C2) −→
⊕
k∈Z+ 1
2
L2(R+,C2)
such that
UHDU
∗ =
⊕
k∈Z+ 1
2
QhkQ
∗ ∼=
⊕
k∈Z+ 1
2
hk,
where, for k ∈ Z+ 12 ,
hk = σ1(−i ∂r) + σ2
(
k
r
−A
)
+ v on L2(R+,C2)
and Q = 1/
√
2 (1− iσ3) (c.f. Proposition 2.10). Recall that we have already
discussed the half-line operators hk in Section 2.1. The decomposition is also
valid for bounded functions of HD, i.e. for χ ∈ L∞(R,C) we have
χ(HD) ∼=
⊕
k∈Z+ 1
2
χ(hk). (2.50)
Hence, the spectral family of HD satisfies
1(−∞,λ](HD) ∼=
⊕
k∈Z+ 1
2
1(−∞,λ](hk),
with λ ∈ R, resulting in
σ#(HD) =
⋃
k∈Z+ 1
2
σ#(hk) for # ∈ {pp, sc, ac}.
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From the spectral properties of the hk (see Subsection 2.1.3) we deduce
Corollary 2.31. Let b, v ∈ Cα([0,∞),R), with α ∈ (0, 1), be the radii-
dependent notation of B, V . Suppose that A(r) = 1r
∫ r
0 b(s)sds and v satisfy
Assumption 2.18 and, in addition, that
a) A2(r) −→∞ as r →∞,
b) A′(r)/A2(r) −→ 0 as r →∞.
Then σsc(HD) = σac(HD) = ∅, i.e. HD has only pure point spectrum.
Corollary 2.32. Let b, v ∈ Cα([0,∞),R), with α ∈ (0, 1), be the radii-
dependent notation of B, V . Suppose that A(r) = 1r
∫ r
0 b(s)sds and v satisfy
Assumption 2.15 and, in addition, that
a) |v(r)| −→ ∞ as r →∞,
b) (A/v)′ is an integrable function.
Then σsc(HD) = σpp(HD) = ∅ and σ(HD) = σac(HD) = R.
Analogously, in the case of rotationally symmetric fields we decompose
the two-dimensional Pauli operator HP (defined in Proposition 2.23) as
UHPU
∗ =
⊕
j∈Z gj , with
gj :=
(
−∂2r + j
2− 1
4
r2
0
0 −∂2r + (j+1)
2− 1
4
r2
)
+A2 − j +
1
2
r
A+ σ3A
′ + v
on L2(R+,C2) (see Chapter 7.3 of [Tha92]). Again we conclude
σ#(HP ) =
⋃
j∈Z
σ#(gj) , for # ∈ {pp, sc, ac}.
Note that the half-line operators gj are well-studied in Sturm-Liouville the-
ory. For our purposes we just want to point out:
Remark 2.33. Let b, v ∈ Cα([0,∞),R), with α ∈ (0, 1), be the radii-
dependent notation of B, V . Suppose that A(r) = 1r
∫ r
0 b(s)sds and v satisfy
a) A2(r) −→∞ as r →∞,
b) A′(r)/A2(r) −→ 0 as r →∞,
c) lim supr→∞ |v(r)|/A2(r) < 1.
Then σac(HP ) = σsc(HP ) = ∅, i.e. HP has only pure point spectrum.
This remark can easily be proven by using the results from Chapter 13.4
of [Wei03]. Further, one can apply the Gilbert-Pearson theory to deduce
that if (roughly speaking, for precise conditions see [Sto92])
CHAPTER 2. BASIC FEATURES OF DIRAC AND PAULI OPERATORS 41
• v(r)→ −∞ as r →∞,
• lim supr→∞A2(r)/|v(r)| < 1,
then σsc(HP ) = σpp(HP ) = ∅ and σac(HP ) = R.
Now suppose that the electro-magnetic field configuration obeys a trans-
lational symmetry in one distinct direction. For B(x) = B(x1) we choose
the Landau gauge
A(x) =
(
0
A(x1)
)
, A(x1) =
∫ x1
0
B(s)ds. (2.51)
If V has the same direction of symmetry, meaning that V (x) = V (x1), we
can perform a Fourier transform in the x2-direction. This results in the
direct integral representations
HD ∼=
∫ ⊕
R
h(ξ) dξ, HP ∼=
∫ ⊕
R
g(ξ) dξ (2.52)
with the one-dimensional fiber Hamiltonians
h(ξ) = σ1(−i ∂x) + σ2(ξ −A) + V on L2(R,C2) (2.53)
and
g(ξ) = −∂2x + (ξ −A)2 + σ3B + V on L2(R,C2).
Again, this fiber decomposition holds for any bounded function of HD and
HP , so for any χ ∈ L∞(R,C) we know that
χ(HD) ∼=
∫ ⊕
R
χ(h(ξ)) dξ, χ(HP ) ∼=
∫ ⊕
R
χ(g(ξ)) dξ. (2.54)
The investigation of h(ξ) and g(ξ), with fixed ξ ∈ R, is rather elementary (as
already seen in Chapter 2.1.3). Hence, one can use Theorems XIII.85 and
XIII.86 of [RS78] to find intervalls of purely absolutely continuous spectrum
of HD and HP . For applications later on we just give one specific example
(which follows from the discussion in Section 2.1.3).
Corollary 2.34. Let B, V ∈ Cα(R,R), with α ∈ (0, 1), be translationally
invariant in the direction of x2. Suppose that A =
∫ ·
0 B(s)ds and V satisfy
Assumption 2.14 and, in addition, that
a) |V (x)| −→ ∞ as |x| → ∞,
b) (A/V )′ is integrable at ±∞.
Then σsc(HD) = σpp(HD) = ∅ and σ(HD) = σac(HD) = R.
There are other examples of translationally symmetric field configura-
tions, where the fiber-decomposition is helpful to deduce absolute continuity
of the spectrum. We only mention the examples discussed in [Iwa85] and
[BMR11] for the magnetic Schro¨dinger operator; Configurations which may
also be of interest for the Dirac/Pauli operator (in dimension two).
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Chapter 3
Results on the Spectrum of
Two-Dimensional Dirac and
Pauli Operators
In this Chapter we present new results on the structure of σ(HD) and σ(HP )
for potentials V and magnetic fields B = curl A that do not decay at infin-
ity. As already discussed in the introduction, we show that the existence of
spectral gaps in σ(HD) and σ(HP ) depend on the relation of the functions
B and V at ∞. These results do not require certain symmetries such that
a decomposition of the operator (as illustrated in Subsection 2.2.3) would
be possible. However, the theorems we present in Section 3.1 and 3.2 are
useful to determine completely the spectra σ(HD), σ(HP ) for very basic,
rotationally symmetric field configurations. To demonstrate this we discuss
in Section 3.3 very natural examples of two-dimensional Dirac and Pauli op-
erators with dense pure point spectrum. Before we start, let us remark that
the main results, presented in this Chapter, have already been published in
[MS14] and [Meh15] in a slightly different form.
3.1 The Essential Spectrum of Two-Dimensional
Dirac Operators with Potential Wells
For B, V ∈ C(R2,R) and A ∈ C1(R2,R2) such that curl A = B, the two-
dimensional magnetic Dirac operator DA is given by (2.32) and the massless
Dirac operator HD by (2.33). In this section we focus on the dependency
of σess(HD) on the quotient V
2/B (at large values) for growing potentials
V , i.e. for potentials V such that |V (x)| → ∞ as |x| → ∞. Unlike for non-
relativistic operators (see next section), the results do not depend on the
sign of V .
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Theorem 3.1 (Theorem 1 of [MS14]). For A ∈ C1(R2,R2) suppose that
B = curl A ∈ C(R2,R) and V ∈ C1(R2,R) satisfy
|V (x)| −→ ∞ as |x| → ∞, (3.1)∣∣∣∣∇V (x)V (x)
∣∣∣∣ −→ 0 as |x| → ∞, (3.2)
lim sup
|x|→∞
V 2(x)
2|B(x)| < 1. (3.3)
Then HD has compact resolvent, i.e. σess(HD) = ∅.
This theorem states that if V remains small compared to B, the eigen-
values do not accumulate. The notion “V remains small to B” is expressed
by condition (3.3) quantitatively. A similar statement on the discreteness
of the spectrum of HD was already proven in [Suz00]. However, the result
there requires the constant in (3.3) to be 14 instead of 1 since the proofs are
based on different methods. We discuss the sharpness of this constant after
the proof of Theorem 3.1.
In order to prove this first theorem, we note that by (3.1)−(3.3) and the
local boundedness of B and V , we may assume that both satisfy the global
conditions
|V (x)| ≥ 1/δ, (3.4)
|∇V (x)| ≤ δ|V (x)|, (3.5)
V 2(x) ≤ 2(1− η)|B(x)| (3.6)
for x ∈ R2 (see Appendix B) . Here η ∈ (0, 1) is a constant and δ ∈ (0, 12)
is fixed, but can be made arbitrarily small (by altering B and V inside a
sufficiently large compact set). The purpose of this global assumptions is
that 0 becomes an isolated eigenvalue of DA since (due to Corollary 2.29)
the operator DA then has the spectral gap (−2β0, 0) ∪ (0, 2β0) ⊂ %(DA),
with
β0 :=
(
2δ
√
1− η )−1. (3.7)
This spectral gap enables us to express the operators Π0 and sgn(DA) in
terms of contour integrals of the resolvent of DA, which is required for the
following estimates on commutators of V and functions of DA:
Lemma 3.2 (Lemma 3 of [MS14]). Let V ∈ C1(R2,R), B ∈ C(R2,R) and
A ∈ C1(R2,R2) such that B = curl A. Assume that (3.4)−(3.6) hold for
δ ∈ (0, 12) and η ∈ (0, 1). Then we have:
a) The operators
[
Π⊥0 , V −1
]
V , V
[
Π⊥0 , V −1
]
are well-defined on C∞0 (R2,C2)
and they extend to bounded operators on L2(R2,C2) with∥∥V [Π⊥0 , V −1]∥∥, ∥∥[Π⊥0 , V −1]V ∥∥ ≤ 4δ2. (3.8)
The same holds true if we replace Π⊥0 by Π0.
CHAPTER 3. RESULTS ON THE SPECTRUM OF HD AND HP 45
b) Π0D(V ),Π⊥0 D(V ) ⊂ D(V ).
c) The operator V
[
Π⊥0 , V −1
]
maps C∞0 (R2,C2) into D(DA). Moreover, we
have ∥∥DAV [Π⊥0 , V −1]∥∥ ≤ 4δ. (3.9)
Lemma 3.3 (Lemma 4 of [MS14]). Let V ∈ C1(R2,R), B ∈ C(R2,R) and
A ∈ C1(R2,R2) such that B = curl A. Assume that (3.4)−(3.6) hold for
δ ∈ (0, 12) and η ∈ (0, 1). Then
[
sgn(DA)P
⊥
0 , V
−1] maps L2(R2,C2) into
D(V ) and ∥∥V [sgn(DA)Π⊥0 , V −1]∥∥ ≤ 4δ2. (3.10)
The proofs of these claims can be found in Appendix B. Both lemmata
are necessary to reduce criteria (B.1) (from the Appendix) to hold only on
each of the subspaces Π0D(HD) and Π⊥0 D(HD).
Proof of Theorem 3.1. In view of the discussion above we assume, w.l.o.g.,
that the global conditions (3.4)−(3.6) hold for B and V . By (3.4) and
the continuity of V , we know that V is either strictly positive or strictly
negative. To simplify the notation, suppose that V is positive, even if the
proof is valid for both signs. In addition, it suffices to show the statement
for positive B. Otherwise, if B is negative, one has to interchange the role
of d and d∗ in the following lines.
For ψ ∈ C∞0 (R2,C2) we know that Π0ψ,Π⊥0 ψ ∈ D(V ), hence we compute
‖HDψ‖2 =
∥∥(DA + V )(Π0 + Π⊥0 )ψ∥∥2
=
∥∥VΠ0ψ + (DA + V )Π⊥0 ψ∥∥2
=
∥∥(DA + V )Π⊥0 ψ∥∥2 + 2Re〈(DA + V )Π⊥0 ψ, VΠ0ψ〉+ ‖VΠ0ψ‖2
=
∥∥(DA + V )Π⊥0 ψ∥∥2 − δ‖VΠ⊥0 ψ∥∥2
+ 2Re〈VΠ0ψ,DAΠ⊥0 ϕ〉+ ‖V ψ‖2 − (1− δ)
∥∥VΠ⊥0 ψ∥∥2. (3.11)
Let us estimate the terms of (3.11) in blocks. Lemma 3.2 c) yields
|〈VΠ0ψ,DAΠ⊥0 ψ〉| = |〈VΠ0V −1V ψ,DAΠ⊥0 ψ〉|
=
∣∣〈Π0V ψ,DAΠ⊥0 ψ〉+ 〈V [Π0, V −1]V ψ,DAΠ⊥0 ψ〉∣∣
=
∣∣〈V [Π0, V −1]V ψ,DAΠ⊥0 ψ〉|
≤ 4δ ‖V ψ‖ ‖ψ‖
≤ 4δ2 ‖V ψ‖2, (3.12)
where (3.4) is used in the last inequality. Further, employing part a) of the
same Lemma results in∥∥VΠ⊥0 ψ∥∥ ≤ ‖V ψ‖+ ∥∥V [Π⊥0 , V −1]V ψ∥∥ ≤ (1 + 4δ2)‖V ψ‖,
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and therefore
‖V ψ‖2 − (1− δ)∥∥VΠ⊥0 ψ∥∥2 ≥ (δ − 12δ2)‖V ψ‖2. (3.13)
For the remaining terms of (3.11) we use the weighted Young inequality (for
numbers) to obtain
‖(DA + V )Π⊥0 ψ‖2 − δ
∥∥VΠ⊥0 ψ∥∥2
≥ (1− ε)‖DAΠ⊥0 ψ‖2 + (1− ε−1 − δ)‖VΠ⊥0 ψ‖2,
where ε ∈ (0, 1) can be chosen arbitrarily. Hence, in view of inequalities
(3.12) and (3.13), it suffices to show that∥∥DAΠ⊥0 ψ∥∥2 + (1−ε−1−δ)(1−) ∥∥VΠ⊥0 ψ∥∥2 ≥ 0 (3.14)
for δ > 0 sufficiently small and for a corresponding ε ∈ (0, 1). We set
c,δ := − (1−ε
−1−δ)
(1−) > 0.
Recall the statement of Proposition 2.28, i.e.∥∥DAΠ⊥0 ψ∥∥2 − c,δ∥∥VΠ⊥0 ψ∥∥2 ≥ ∥∥√2BSΠ⊥0 ψ∥∥2 − c,δ∥∥VΠ⊥0 ψ∥∥2, (3.15)
with
S =
(
s 0
0 id
)
.
Note that ker(d∗) = {0} since B is strictly positive, which means that the
isometry
S∗ =
(
s∗ 0
0 id
)
is defined on full L2(R2,C2). In particular, the operator
V
[
S∗, V −1
]
=
(
V
[
s∗, V −1
]
0
0 0
)
on L2(R2,C2)
is well-defined and operator bounded by
V
[
sgn(DA)Π
⊥
0 , V
−1] = ( 0 V [s∗, V −1]
V
[
spi⊥, V −1
]
0
)
.
Using Lemma 3.3, we conclude that∥∥V [S∗, V −1]∥∥ ≤ ∥∥V [sgn(DA)Π⊥0 , V −1]∥∥ ≤ 4δ2. (3.16)
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With this commutator bound we can proceed at (3.15) and obtain∥∥DAΠ⊥0 ψ∥∥2 − c,δ∥∥VΠ⊥0 ψ∥∥2
≥ ∥∥√2BSΠ⊥0 ψ∥∥2 − c,δ∥∥V S∗V −1V SΠ⊥0 ψ∥∥2
≥ ∥∥√2BSΠ⊥0 ψ∥∥2 − c,δ∥∥(S∗ + V [S∗, V −1])V SΠ⊥0 ψ∥∥2
≥ ∥∥√2BSΠ⊥0 ψ∥∥2 − c,δ(1 + 4δ2)2∥∥V SΠ⊥0 ψ∥∥2
≥ [1− (1− η)c,δ(1 + 12δ2)]∥∥√2BSΠ⊥0 ψ∥∥2,
where condition (3.6) is applied in the last line. Choosing ε = 1−δ 12 results
in
(1− η)c,δ(1 + 12δ2) = (1− η) 1
1− δ 12
(
1 + δ
1
2 − δ)(1 + 12δ2) < 1
for δ sufficiently small. Putting all together, we have
‖HDψ‖2 ≥ (δ − 20δ2)‖V ψ‖2, ψ ∈ C∞0 (R2,C2)
for δ > 0 sufficiently small. Hence, Lemma B.1 yields the statement.
One may read off the proof of Theorem 3.1 that the growth restriction
(3.2) on V is of technical necessity. Therefore, in what follows we only focus
on condition (3.3). It is quite obvious that if the quotient V 2/2B is not
strictly smaller than 1 at ∞, the spectrum of HD can not longer assumed
to be discrete: For a suitable ψ ∈ L2(R2,C2) we compute
(DA + V )(DA − V )ψ = (D2A − V 2)ψ + o(V )ψ
≈
(
d∗d+ 2B − V 2 0
0 dd∗ − 2B − V 2
)
ψ.
Hence, if ker(d) or ker(d∗) is large enough, we may obtain points in the
essential spectrum. Let us concretise that in the case B > 0 with
Theorem 3.4 (Theorem 2 of [MS14]). For A ∈ C3(R2,R2) suppose that
B = curl A ∈ C2(R2,R), with B > B0 > 0, and V ∈ C1(R2,R) satisfy
|V (x)| −→ ∞ as |x| → ∞, (3.17)
‖∇V/V ‖∞ <∞ and ‖∆B/B‖∞ <∞, (3.18)
‖(V 2 − 2B)/V ‖∞ <∞. (3.19)
Then σess(HD) 6= ∅.
Remark 3.5. Note that conditions (3.17) and (3.19) are equivalent to∣∣∣∣V 2(x)2B(x) − 1
∣∣∣∣ ≤ c|V (x)| −→ 0 as |x| → ∞,
for some constant c > 0.
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Lemma 3.6 (Lemma 5 of [MS14]). Assume that the conditions of Theorem
3.4 are satisfied. Let Φ ∈ C2(R2,R) be a potential function for A, i.e. A =
(−∂2Φ, ∂1Φ) and B = ∆Φ. Define the subspace
Y := {ωe−Φ ∈ L2(R2,C;Bd2x) | ω is entire in x1 + ix2}. (3.20)
Then, for any Ω ∈ Y we have
a) Ω ∈ D(d∗) ∩ D(V ) and ‖d∗Ω‖ = ∥∥√2BΩ∥∥.
b) (d∗Ω,−V Ω)T ∈ D(HD).
Proof. By the definition of Y and Remark 3.5, it is easy to see that Y ⊂
D(V ). Further, Y ⊂ ker(d) since B is bounded from below by some positive
constant. Let χ ∈ C∞0 (R2, [0, 1]) be a smooth cutoff function, i.e.
χ(x) =
{
1, for |x| ≤ 1,
0, for |x| ≥ 2.
For Ω ∈ Y and n ∈ N set Ωn := χ( ·n)Ω ∈ C20 (R2,C). Note that Ωn → Ω in
L2
(
R2,C;Bd2x
)
as n → ∞ by dominated convergence. Using the commu-
tator identity (2.43), we get
‖d∗Ωn‖2 = ‖dΩn‖2+ 2
∥∥√BΩn∥∥2 = 1
n2
∥∥∥(i∂1χ− ∂2χ)( ·
n
)
Ω
∥∥∥2+2∥∥√BΩn∥∥2
for any n ∈ N. In particular, the sequence (d∗Ωn)n∈N is Cauchy with re-
spect to the L2(R2,C)-norm. The closedness of d∗ implies that Ω ∈ D(d∗).
Clearly, after taking the limit we have that ‖d∗Ω‖ = ∥∥√2BΩ∥∥.
To verify part b), we pick Ω ∈ Y and set ψ := (d∗Ω,−V Ω)T . For ψˆ ∈
C∞0 (R2,C2) we compute
〈
HDψˆ, ψ
〉
=
〈(
V ψˆ1
dψˆ1
)
,
(
d∗Ω
−V Ω
)〉
+
〈(
d∗ψˆ2
V ψˆ2
)
,
(
d∗Ω
−V Ω
)〉
=
〈(
ψˆ1
ψˆ2
)
,
(−(−i ∂1V − ∂2V )Ω
(2B − V 2)Ω
)〉
.
Since, due to assumptions (3.18) and (3.19), the functions (i ∂1V + ∂2V )Ω
and (2B−V 2)Ω are square-integrable, we deduce from the definition of the
adjoint operator that ψ ∈ D(H∗D) = D(HD).
Proof of Theorem 3.4. Let Y be defined as in Lemma 3.6. We use Propo-
sition 2.30 to show that dimY = ∞. To do so we work with the modified
potential function Φˆ := Φ− 12 lnB. Since
∆Φˆ = B +
(∇B)2
2B2
− ∆B
2B
> B − ∆B
2B
,
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Proposition 2.30 implies that
Yˆ := {ωe−Φˆ ∈ L2(R2,C) | ω is entire in x1 + ix2}
is infinite dimensional. By the isomorphism Y 3 Ω 7→ √BΩ ∈ Yˆ, we deduce
that also Y is infinite dimensional. Let us consider the subspace
X :=
{(
d∗Ω
−V Ω
)
∈ L2(R2,C2) | Ω ∈ Y
}
⊂ D(HD).
Then from Lemma 3.6 follows that∥∥∥∥( d∗Ω−V Ω
)∥∥∥∥ = ‖d∗Ω‖+ ‖V Ω‖ ≥√2B0‖Ω‖,
i.e. the linear map Y 3 Ω 7→ (d∗Ω,−V Ω)T ∈ X is injective and there-
fore an isomorphism again. In particular, it holds that dimX = ∞. For
ψ = (d∗Ω,−V Ω)T ∈ X we estimate
‖HDψ‖ =
∥∥∥∥(V d∗d V
)(
d∗Ω
−V Ω
)∥∥∥∥
=
∥∥∥∥((i ∂1V + ∂2V )Ω(2B − V 2)Ω
)∥∥∥∥ ≤ (∥∥∥∥∇VV
∥∥∥∥
∞
+
∥∥∥∥2B − V 2V
∥∥∥∥
∞
)
‖V Ω‖.
Hence, ‖HDψ‖ ≤ c‖ψ‖ for ψ ∈ X and since dimX = ∞, we conclude that
HD cannot have only eigenvalues of finite multiplicity.
We want to emphasise that for Theorem 3.4 we require 2B ≈ V 2 to be
satisfied globally (c.f. condition (3.19)). It is even possible to weaken this
global condition, i.e. it suffices that 2B ≈ V 2 holds only around certain
points in R2, in order to obtain σess(HD) 6= ∅. To demonstrate this we need
some further restrictions on the class of admissible magnetic fields B and
potentials V .
Definition 3.7. A function f : R2 → R varies with rate ν ∈ [0, 1] on a set
X ⊂ R2 if there is a constant C > 0 such that for all x ∈ X it holds that
|f(x + y)| ≤ C|f(x)|,
whenever y ∈ R2 satisfies |y| ≤ 12 |x|ν .
Very natural examples of this definition are power-functions, which vary
with any rate ν ∈ [0, 1] on certain sets:
Example 3.8. Functions of type f1(x) = c|x|s and f2(x) = c|x1|s, with
c, s ∈ R, vary with any rate ν ∈ [0, 1] on R2\B1(0) and on R2\[−1, 1] × R
respectively.
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Theorem 3.9 (Theorem 3 of [MS14]). Let B, V ∈ C(R2,R) be continuously
differentiable outside some compact set X. Assume that there is a sequence
(xn)n∈N ⊂ R2\X, with |xn| → ∞ as n → ∞, such that |∇V |, |∇B| vary
with rate 0 on (xn)n∈N. If there exist constants k ∈ N and ε ∈ (0, 1) for
which holds that
|V (xn)| −→ ∞, (3.21)
∇B(xn)
|B(xn)|1−ε ,
∇V (xn)
|V (xn)|1−ε −→ 0, (3.22)
V 2(xn)− 2k|B(xn)|
V (xn)
−→ 0 (3.23)
as n→∞, then 0 ∈ σess(HD).
Remark 3.10. Note that (3.21) and (3.22) imply∣∣∣∣ V 2(xn)2|B(xn)| − k
∣∣∣∣ ≤ c|V (xn)| −→ 0 as n→∞,
for some constant c > 0, meaning that a certain rate of convergence is
required for V 2/(2|B|). However, we see that condition (3.3) in Theorem
3.1 is quite sharp.
In Theorem 3.9 the condition V 2 ≈ 2|B| needs to hold only locally
because the proof is more constructive than the one of Theorem 3.4. More
precisely, for proving Theorem 3.9 we construct directly a Weyl sequence
for 0 out of functions that are localised around the points of the sequence
(xn)n∈N. Let us concisely describe how the construction of a Weyl sequence
originates from the fact that V 2/(2|B|) attains integer values on the xn’s:
Supposing that our approximated eigenfunctions (which form the Weyl
sequence) are strongly localised, they “perceive” B and V only locally, hence
we can treat them like constants Vn = V (xn), Bn = B(xn). Now recall that
we can determine the spectrum and eigenfunctions of the Dirac-Landau
Hamiltonian, i.e. of the Hamiltonian DAn with the constant magnetic field
Bn = curl An, explicitly (see Section 2.2.2). For a Gaussian-like localised
eigenfunction ψk associated to the Landau eigenvalue lk = sgn(k)
√
2|kBn|
we then obtain[
DA + V
]
ψk ≈
[
DAn + Vn
]
ψk =
[
sgn(k)
√
2|kBn|+ Vn
]
ψk ≈ 0.
This idea is flexible enough to find also other points in the essential spec-
trum: Suppose that we want to construct a Weyl sequence for an arbitrary
value E ∈ R. Then the analogous crossing condition for the values of Bn
and Vn would be sgn(k)
√
2|kBn| = E − Vn, or written in a different way
V 2n
2|Bn|
(
1− E
Vn
)2
∈ N (3.24)
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for n ∈ N. Since we consider potentials V growing at ∞, the value of
E is irrelevant whenever (V 2/2|B|)(x) passes through “sufficiently many”
intervalls of type (kn − δ, kn + δ) as |x| → ∞ (where δ > 0 and (kn)n∈N is a
sequence of natural numbers). In particular, if V 2 grows stronger than 2|B|
at infinity, this considerations result in
Theorem 3.11 (adapted from Corollary 1 of [MS14]). Let B, V ∈ C(R2,R)
be continuously differentiable outside some compact set X. Assume that
there is a continuous path γ : R+ → R2\X, with |γ(t)| → ∞ as t → ∞,
such that |∇V |, |∇B| vary with rate ν ∈ [0, 1] on Im(γ). If there exist con-
stants ε, λ, κ,B0 > 0 for which holds that
V 2(γ(t))
2|B(γ(t))| −→ ∞, (3.25)( |∇B(γ(t))|
|B(γ(t))| +
|∇V (γ(t))|
|V (γ(t))|
)(
V 2(γ(t))
2|B(γ(t))|
)1+ε
−→ 0, (3.26)
1
|γ(t)|2ν
(
V 2(γ(t))
B2(γ(t))
)1+ε
−→ 0 (3.27)
as t→∞ and, in addition,
B0 ≤ |B(γ(t))| ≤ λ exp
(
κ
V 2(γ(t))
|B(γ(t))|
)
(3.28)
for t ∈ (0,∞), then σ(HD) = σess(HD) = R.
Remark 3.12. One may observe that (3.26) and (3.27) impose constraints
on the growth rate of the quotient V 2/|B| along the path γ. They arise from
the local approximation of B and V by constants. Anyway, they give us a
scope, which leads to some very interesting examples (see Section 3.3).
Remark 3.13. To expect from the derivatives of B and V to vary with
some rate ν on certain sets may look unnatural. However, also the moduli
of the gradients of the functions given in Example 3.8 vary with any rate
ν ∈ [0, 1] on the corresponding sets. Hence, this should not be considered as
a strong impediment.
For the proofs of Theorem 3.9 and 3.11 we have to cement our idea of
considering B and V to be locally constant: For a sequence (xn)n∈N ⊂ R2
we use the notation Vn := V (xn) and Bn := B(xn). Since it is necessary to
compare also magnetic vector potentials locally, we define, for any n ∈ N,
An(x) :=
∫ 1
0
Bn ∧ (x− xn)sds = 12Bn ∧ (x− xn),
A˜n(x) :=
∫ 1
0
B(xn + s(x− xn)) ∧ (x− xn)sds.
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Here the wedge product a∧v of a scalar a ∈ R and a vector v = (v1, v2) ∈ R2
is given by a ∧ v := a(−v2, v1). The vector potential A˜n is a generator of
the given magnetic field B = curl A. As pointed out in Subsection 2.2.1, we
therefore find for each n ∈ N a gauge function Γn ∈ C2(R2,R) such that
∇Γn = A− A˜n on R2. (3.29)
On the other hand, the potential An generates the field
curl An = Bn on R2,
i.e. the operator DAn is (up to gauge) the Dirac-Landau Hamiltonian for the
constant field Bn. For any n ∈ N we obtain the corresponding off-diagonal
components dn and d
∗
n through
DAn =:
(
0 d∗n
dn 0
)
.
For the explicit form of dn and d
∗
n we refer to Subsection 2.2.2.
By the discussion above, we need for a sequence (kn)n∈N of natural
numbers eigenfunctions for the (positive and negative) kn-th Dirac-Landau
level of the operator DAn . For Bn > 0 we already know how they look like
(c.f. end of Subsection 2.2.2): If Bn > 0, we set
ψˆn(x) :=
(
(d∗n)kne
−Bn
4
|x−xn|2
En(d
∗
n)
kn−1e−
Bn
4
|x−xn|2
)
, x ∈ R2, (3.30)
with En := −sgn(Vn)
√
2knBn. Note that ψˆn has the explicit form
ψˆn(x + xn) =
(
(iBn(x1 − ix2))kne−Bn4 |x|2
En(iBn(x1 − ix2))kn−1e−Bn4 |x|2
)
. (3.31)
It holds that [
DAn+ Vn
]
ψˆn =
(− sgn(Vn)√2knBn + Vn)ψˆn.
If Bn < 0, the roles of dn and d
∗
n interchange, i.e. we must use
ψˆn(x) :=
(
En(dn)
kn−1e
Bn
4
|x−xn|2
(dn)
kne
Bn
4
|x−xn|2
)
, x ∈ R2, (3.32)
with En := −sgn(Vn)
√
2kn|Bn|. The explicit form of ψˆn in this case can
easily be calculated with (2.46) and is given by
ψˆn(x + xn) =
(
En(−iBn(x1 + ix2))kn−1eBn4 |x|2
(−iBn(x1 + ix2))kneBn4 |x|2
)
. (3.33)
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Consequently, also in the case Bn < 0 we obtain[
DAn+ Vn
]
ψˆn =
(− sgn(Vn)√2kn|Bn|+ Vn)ψˆn. (3.34)
So (3.34) holds in both cases, i.e. for any n ∈ N. Since we need Weyl
functions with compact support, pick χ ∈ C∞0 (R2, [0, 1]) such that χ(x) = 1
for |x| ≤ 1 and χ(x) = 0 for |x| ≥ 2. We rescale our cutoff functions and
set
χn(x) := χ
(
x− xn
rn
)
,
with (not yet chosen) localisation radii rn > 0. Then our Weyl functions
are given, for every n ∈ N, by
ψn(x) := e
i Γn(x)χn(x)ψˆn(x), x ∈ R2. (3.35)
The choice of the radii rn depends on the mass concentration of the ψˆn’s
around their centers xn. More precisely, the rn’s ought to be large enough
such that ‖ψn‖ does not vanish as n→∞.
Lemma 3.14. For n ∈ N let ψˆn be given by (3.30) or (3.32) (depending
on the sign of Bn), and ψn be given by (3.35). Then we have the norm
estimates
‖ψn‖2 ≤ ‖ψˆn‖2 = 2kn+2pi|Bn|kn−1kn! , (3.36)
‖ψn‖2 ≥ 1
2
‖ψˆn‖2
(
1− 1
kn!
∫ ∞
|Bn|r2n/2
skne−sds
)
. (3.37)
Proof. Using the explicit representations (3.31) and (3.33), we compute
‖ψn‖2 ≤ ‖ψˆn‖2 = 2pi|Bn|2kn
∫ ∞
0
s2kne−
|Bn|
2
s2sds
+ 4pikn|Bn|2kn−1
∫ ∞
0
s2(kn−1)e−
|Bn|
2
s2sds
= 2kn+1pi|Bn|kn−1
(∫ ∞
0
skne−sds+ kn
∫ ∞
0
skn−1e−sds
)
= 2kn+2pi|Bn|kn−1kn!.
On the other hand, we can bound ‖ψn‖2 form below like
‖ψn‖2 = ‖ψn,1‖2 + ‖ψn,2‖2 ≥ 2pi|Bn|2kn
∫ rn
0
s2kne−
|Bn|
2
s2sds
= 2kn+1pi|Bn|kn−1
(
kn!−
∫ ∞
|Bn|r2n/2
skne−sds
)
≥ 1
2
‖ψˆn‖2
(
1− 1
kn!
∫ ∞
|Bn|r2n/2
skne−sds
)
.
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Proof of Theorem 3.9. For the given sequence (xn)n∈N ⊂ R2 let us agree
the short hand notation Bn = B(xn) 6= 0 and Vn = V (xn) as above. Here
we employ the ψn’s (defined in (3.35)) as Weyl sequence with kn = k and
rn = |Bn|(ε−1)/2 for n ∈ N. Note that there is an N > 0 such that rn < 14
for n ≥ N , while |xn| → ∞ as n → ∞. So we can consider the ψn’s
to be linearly independent (otherwise extract a subsequence with mutually
disjoint support). Since |Bn| → ∞ as n→∞ (c.f. Remark 3.10), we observe
that
1
kn!
∫ ∞
|Bn|r2n/2
skne−sds =
1
k!
∫ ∞
|Bn|ε/2
ske−sds −→ 0 (3.38)
as n→∞. Due to Lemma 3.14, we may assume N > 0 to be so large that
for n ≥ N we have
‖ψˆn‖2 ≤ 4‖ψn‖2. (3.39)
Applying HD to ψn results in
e−i Γn(DA + V )ψn = (DA˜n+ V )χnψˆn
= χn(DAn+ Vn)ψˆn − i (σ · ∇χn)ψˆn
+ σ · (An − A˜n)χnψˆn + (V − Vn)χnψˆn
(3.40)
for n ∈ N. We have to estimate the r.h.s of (3.40). First of all, the eigenvalue
equation (3.34) implies
‖(DAn+ Vn)ψˆn‖2 =
∣∣|Vn| −√2k|Bn|∣∣‖ψˆn‖2 ≤ c∣∣(V 2n − 2k|Bn|)/Vn∣∣‖ψˆn‖2
for some c > 0. Thus, using (3.39) and condition (3.23), we conclude that
‖(DAn+ Vn)ψˆn‖2/‖ψn‖2 vanishes as n→∞. Further, we apply (3.36) and
(3.39) to estimate
‖(σ · ∇χn)ψˆn‖2 ≤ r−2n ‖∇χ‖∞
∫
rn≤|x−xn|≤2rn
|ψˆn(x)|2 d2x
≤ |Bn|1−ε‖∇χ‖∞2k+2pi|Bn|k−1
∫ ∞
|Bn|/2
ske−sds
≤ 4‖ψn‖2‖∇χ‖∞|Bn|1−ε 1
k!
∫ ∞
|Bn|/2
ske−sds
for n ≥ N . It is easy to see that
|Bn|1−ε
∫ ∞
|Bn|/2
ske−sds −→ 0
as n→∞ and therefore ‖(σ · ∇χn)ψˆn‖/‖ψn‖ → 0 as n→∞. For the two
remaining terms of (3.40) we need that |∇B| and |∇V | vary with rate 0 on
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(xn)n>N . Since |∇B| has this property, we find a constant C > 0 such that,
whenever n ≥ N and |x− xn| ≤ 2rn ≤ 12 , we have∣∣(An − A˜n)(x)χn(x)∣∣2 ≤ |∇B(ξx)|2(2rn)4 ≤ 16C2|∇B(xn)|2r4n,
where |ξx − xn| ≤ 2rn. In particular, we obtain∥∥σ · (An − A˜n)χnψˆn∥∥2
‖ψn‖2 ≤ 64C
2|∇B(xn)|2r4n = 64C2
|∇B(xn)|2
|Bn|2−2ε
for n ≥ N . Similarly, we use that V varies with rate 0 on (xn)n>N for esti-
mating
‖(V − Vn)χnψˆn‖2
‖ψn‖2 ≤ 4Cˆ
2|∇V (xn)|2r2n ≤ 4Cˆ2
|∇V (xn)|
|Vn|2−2ε
(
V 2n
|Bn|
)1−ε
.
In view of (3.22) we deduce, after dividing through ‖ψn‖2, that also the last
two terms of the right hand side of (3.40) vanish as n → ∞. Therefore,
(ψn)n∈N is a Weyl sequence for 0.
Proof of Theorem 3.11. Let E ∈ R. We conclude from (3.25) that there is
a sequence (xn)n∈N ⊂ R2 such that (V (xn) − E)2 = 2n|B(xn)| for n ≥ N ,
where N ∈ N is assumed to be sufficiently large. Let us abbreviate again
V (xn) by Vn and B(xn) by Bn. Consider ψn, given by (3.35), with kn = n
and
rn =
√
2n1+ε
|Bn| (3.41)
for n ≥ N . Since the function sne−s/2 is bounded by (2n)ne−n, we obtain
1
n!
∫ ∞
n1+ε
sne−sds ≤ 2 (2n)
ne−
1
2
n1+ε−n
n!
≤ exp
(
n ln(2n)− 1
2
n1+ε − n
)
.
Therefore, we may assume N to be so large that
1
n!
∫ ∞
n1+ε
sne−sds ≤ 1
2
(3.42)
for all n ≥ N , meaning that (in view of Lemma 3.14)
‖ψˆn‖2 ≤ 4‖ψn‖2 (3.43)
whenever n ≥ N . Applying HD to ψn yields
e−i Γn [DA + V − E]ψn =
[
DA˜n+ V − E
]
χnψˆn
= χn
[
DAn+ Vn − E
]
ψˆn − i (σ · ∇χn)ψˆn
+ σ · (An − A˜n)χnψˆn + (V − Vn)χnψˆn
(3.44)
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for n ∈ N. We have to show that, after dividing through ‖ψn‖, the terms
on the right hand side of (3.44) vanish as n→∞:
Since |Vn| → ∞ as n → ∞, we know that (at least after increasing N)
sgn(Vn) = sgn(Vn − E) for n ≥ N . As a consequence, (3.34) implies that[
DAn+ Vn − E
]
ψˆn = sgn(Vn)
(|Vn − E| −√2k|Bn|)ψˆn = 0
for n ≥ N . For the second term of (3.44) we need a bound on the radii rn.
Keeping in mind that E/|Vn| → 0 as n→∞, we may assume that
1
2
≤ V
2
n
2n|Bn| ≤ 2 (3.45)
for all n ≥ N , hence (3.28) leads to
r−2n ≤ n−(1+ε)λe4κn ≤ λe4κn.
This estimate, together with (3.36), results in
‖(σ · ∇χn)ψˆn‖2 ≤ λe4κn‖∇χ‖∞2n+2pi|Bn|n−1
∫ ∞
n1+ε
sne−sds
≤ 4λ‖∇χ‖∞‖ψn‖2 exp
(
n ln(2n)− 1
2
n1+ε − n+ 4κn
)
for n ≥ N . Thus, ‖(σ ·∇χn)ψˆn‖2/‖ψn‖2 → 0 as n→∞. For the remaining
terms of (3.44) we observe that, due to the definition of rn and bound (3.45),
we have
r2n
|xn|2ν =
2
|Bn|
n1+ε
|xn|2ν ≤
22+ε
|Bn||xn|2ν
(
V 2n
2|Bn|
)1+ε
.
Here ν ∈ [0, 1] is given by the theorem. In view of condition (3.27) we may
consider N to be so large that rn/|xn|ν ≤ 14 for n ≥ N . Since |∇V | and
|∇B| vary with rate ν ∈ [0, 1] on (xn)n>N , we deduce (by applying the mean
value theorem) that∥∥σ · (An − A˜n)χnψˆn∥∥2 ≤ C2|∇B(xn)|2r4n‖ψˆn‖2
≤ 26+2εC2
[
|∇B(xn)|
|Bn|
(
V 2n
2|Bn|
)1+ε]2
‖ψn‖2
for n large enough. Note that we applied again (3.43) and (3.45). Analo-
gously, we argue that for n sufficiently large it holds that
‖(V − Vn)χnψˆn‖2 ≤ C2|∇V (xn)|2r2n‖ψˆn‖2
≤ 25+2εC2
[
|∇V (xn)|
Vn
(
V 2n
2Bn
)1+ε]2
‖ψn‖2.
Hence, condition (3.26) implies that last two terms of (3.44) are of order
o(‖ψn‖2) as n→∞, i.e. ‖HDψn‖/‖ψn‖ → 0 as n→∞.
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3.2 The Essential Spectrum of Two-Dimensional
Pauli Operators with Repulsive Potentials
Now we consider the non-relativistic Pauli operator HP in dimension two
coupled to a magnetic field B that points in the direction perpendicular to
the plane and a potential V such that |V | grows at ∞. As in the defini-
tion of the Pauli operator (see Proposition 2.23), let us assume that A ∈
C1,α(R2,R2), hence B = curl A ∈ Cα(R2,R), and V ∈ Cα(R2,R) for some
α ∈ (0, 1). In addition, let the growth condition (2.37) on the negative part
of the potential V be satisfied.
Unlike in the case of the Dirac operator HD in dimension two, the oper-
ator PA, describing the the kinetic energy in HP = PA+V , is non-negative.
This designated sign of the kinetic energy operator implies that the proper-
ties of HP depend crucially on the sign of V . Trapping potentials, i.e. poten-
tials with V (x) → ∞ as |x| → ∞, have a classical confining effect: The
expectation value 〈ψ,HPψ〉 is growing if the localised state ψ is removed
more and more from the origin. In terms of σ(HP ) this manifests in the
discreteness of the spectrum, i.e. one obtains, independently of B, that
σ(HP ) consists only of eigenvalues of finite multiplicity with spectral gaps
in between them. The latter is an immediate consequence of the local com-
pactness of HP and a simple resolvent comparison argument (alternatively
one can argue with Proposition B.1). However, if we consider an “anti-trap-
ping” potential, i.e. a potential V with V (x) → −∞ as |x| → ∞, such an
elementary argumentation is not possible to deduce the type of σ(HP ). In
particular, one cannot ignore the influence of the magnetic field B: Recalling
Proposition 2.28, strong magnetic fields can raise the value
〈ψ,HPψ〉 = 〈ψ, PAψ〉+ 〈ψ, V ψ〉, (3.46)
while V has the contrary effect. Whether (3.46) necessarily has to leave a
fixed energy interval for states localised far away from the origin depends
on the interplay between B and V . Again, there is a dependency of σ(HP )
on the quotient V/B, similarly as in the case of the Dirac operator HD.
Theorem 3.15 (Theorem 1 of [Meh15]). Assume that V is continuously
differentiable outside some compact set X and that
V (x) −→ −∞ as |x| → ∞, (3.47)∣∣∣∣∇V (x)V (x)
∣∣∣∣ −→ 0 as |x| → ∞, (3.48)
lim sup
|x|→∞
∣∣∣∣ V (x)2B(x)
∣∣∣∣ < 1. (3.49)
Then σess(HP ) = ∅, i.e. HP has only discrete spectrum.
For the next theorems recall Definition 3.7 from the previous section.
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Theorem 3.16 (Theorem 2 of [Meh15]). Let B, V ∈ Cα(R2,R), with α ∈
(0, 1), be continuously differentiable outside some compact set X. Assume
that there is a sequence (xn)n∈N ⊂ R2\X, with |xn| → ∞ as n → ∞, such
that |∇V |, |∇B| vary with rate 0 on (xn)n∈N. If there are constants k ∈ N
and ε ∈ (0, 1) for which holds that
V (xn) −→ −∞, (3.50)
|∇B(xn)|2
|B(xn)|1−ε ,
|∇V (xn)|2
|V (xn)|1−ε −→ 0, (3.51)
V (xn) + 2k|B(xn)| −→ 0 (3.52)
as n→∞, then 0 ∈ σess(HP ).
Theorem 3.17 (Theorem 3 of [Meh15]). Let B, V ∈ Cα(R2,R), with α ∈
(0, 1), be continuously differentiable outside some compact set X. Assume
that there is a continuous path γ : R+ → R2\X, with |γ(t)| → ∞ as t→∞,
such that |∇V |, |∇B| vary with rate ν ∈ [0, 1] on Im(γ). If there are con-
stants , λ, κ,B0 > 0 for which holds that
V (γ(t))
2|B(γ(t))| −→ −∞, (3.53)( |∇V (γ(t))|
|V (γ(t))| +
|∇B(γ(t))|
|B(γ(t))|
)( |V (γ(t))|3
B2(γ(t))
) 1+
2
−→ 0, (3.54)
1
|γ(t)|2ν
( |V (γ(t))|
B2(γ(t))
)1+
−→ 0 (3.55)
as t→∞, and, in addition,
B0 ≤ |B(γ(t))| ≤ λ exp
(
κ
∣∣∣∣V (γ(t))B(γ(t))
∣∣∣∣) (3.56)
for all t ∈ R+, then σess(HP ) = R.
The proofs of Theorems 3.15−3.17 are given in the mentioned reference.
They are based on the ideas that were already used to prove Theorems
3.1, 3.9 and 3.11. However, since the Pauli operator HP is a second-order
operator, the commutator and localisation estimates for HP are much more
laborious. Further, approximating B and V locally by constants within the
second-order operator HP leads to the constraints (3.51) and (3.54) on the
growth rate of V/B, which are different to those for the operator HD (c.f.
(3.22) and (3.26)). As we will see in the next section, (3.51) and (3.54) pose
an interesting limit on the applicability of Theorem 3.16 and 3.17: Unlike in
the case of HD, one can apply Theorem 3.16 and 3.17 for power-like growth
only up to the order |x|2, which corresponds to restriction (2.37) on the
growth of the negative part of V for assuring essential self-adjointness.
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Having a look on the proof of Theorem 3.17, one observes that the
constraints on the growth of V/B (or on V 2/B in Theorem 3.11) are due
to the fact that one only uses a zero-order approximation for B and V . A
question arising from that observation is, whether one can weaken (3.54) by
considering higher order Taylor expansions of B and V . It would mean to
construct Weyl functions that are closer to the solutions of the eigenvalue
Problem HPψ = Eψ. A first-order approximation of V , i.e. writing locally
V (x) ≈ V0(x0) +∇V (x0) · (x− x0), leads to
Theorem 3.18 (Theorem 4 of [Meh15]). Let B = B0 > 0, and V ∈
Cα(R2,R), with α ∈ (0, 1), be two times continuously differentiable outside
some compact set X. Assume that there is a continuous path γ : R+ → R2,
with |γ(t)| → ∞ as t→∞, such that the matrix norm of the Hessian matrix
‖Hess(V )‖2×2 : R2 → R vary with rate ν ∈ [0, 1] on Im(γ) ⊂ R2\X. If there
is a constant  > 0 for which holds that
V (γ(t)) −→ −∞, (3.57)
‖Hess(V )‖2×2(γ(t))|V (γ(t))|1+ −→ 0, (3.58)
1
|γ(t)|2ν |V (γ(t))|
1+ −→ 0 (3.59)
as t→∞, and if
lim sup
t→∞
|∇V (γ(t))|2
|V (γ(t))| < (2B0)
2, (3.60)
then σess(HP ) = R.
Remark 3.19. Even if conditions (3.58) and (3.54) (for B = B0) are
not comparable in general, our main examples (see Section 3.3) show that
Theorem 3.18 is indeed an improvement of Theorem 3.17.
For the proof of Theorem 3.18 we first have to discuss the Pauli operator
with a constant magnetic field B0 and a constant electric field E0 in a certain
direction. Since B(x) = B0, we assume that A is in the rotational gauge,
i.e.
A(x) =
B0
2
(−x2
x1
)
.
With this gauge PA is invariant under rotations of the plane. More precisely,
for R ∈ SO(2,R) consider the unitary map
UR : L2(R2,C2)→ L2(R2,C2), ψ( · ) 7→ ψ(R−1 · ),
which represents the rotation R in L2(R2,C2). Then U−1R PAUR = PA, so
we get
U−1R (PA + V )UR = PA + VR,
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with VR( · ) = V (R· ). Such a rotation enables us to change the direction
of the constant electric field. Therefore, we assume that V has the form
V (x) = V0 + E0(x1− ζ), with constants V0, E0, ζ ∈ R. To construct approxi-
mative solutions of the eigenvalue problem HPψ = Eψ, we want to use the
symmetry of V (and therefore of the system) in the x2-direction. Hence, we
consider the Landau gauge Aˆ for B0, given by Aˆ(x) = B0x1eˆ2. Coupled to
the vector potential Aˆ, the Hamiltonian HP has the form
PAˆ + V = −∂21 + (−i ∂2 −B0x1)2 − σ3B0 + V
= dˆ ∗dˆ+B0 − σ3B0 + V0 + E0(x1 − ζ),
(3.61)
where dˆ, dˆ∗ read
dˆ = −i ∂1 + i (−i ∂2 −B0x1), dˆ ∗ = −i ∂1 − i (−i ∂2 −B0x1).
Observe that one can rewrite HP as
PAˆ + V = −∂21 + (−i ∂2 −B0x1)2 − σ3B0 + V0 + E0(x1 − ζ)
= −∂21 +B20
(
x1 − 1B0
(− i ∂2 − E02B0 ))2
+ E0B0
(− i ∂2 − E02B0 )− E0ζ − σ3B0 + V0 + ( E02B0 )2.
(3.62)
Because of the symmetry in x2-direction, we are able to perform a Fourier
transformation with respect to that direction and obtain
PAˆ + V
∼=
∫ ⊕
R
h(ξ)dξ,
i.e. a direct integral representation on L2(Rξ, L2(R,C2)), with
h(ξ) = −∂21 +B20
(
x1 − 1B0
(
ξ − E02B0
))2
+ E0B0
(
ξ − E02B0
)
− E0ζ − σ3B0 + V0 +
( E0
2B0
)2
= −∂21 +B20
(
x1 − ζ˜
)2
+ E0ζ˜ − E0ζ − σ3B0 + V0 +
( E0
2B0
)2
.
Here we use the notation ζ˜ = 1B0
(
ξ − E02B0
)
. Since h(ξ) is the Hamiltonian
of the harmonic oscillator (up to a shift), we set
φn(x) =
1√
2nn!
√
pi
ϑn(x)e
− 1
2
x2 , x ∈ R,
where ϑn, for n ∈ N0, denotes the n-th Hermite polynomial. The normalised
functions
ϕE0,n,ξ(x1) :=
4
√
B0
(
φn
(√
B0
(
x1 − 1B0
(
ξ − E02B0
))
0
)
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satisfy the equation
h(ξ)ϕE0,n,ξ =
(
2nB0 + E0
(
1
B0
(
ξ − E02B0
)− ζ)+ V0 + ( E02B0 )2)ϕE0,n,ξ .
To obtain a wave function with momentum ξ in the direction of x2, we set
ψE0,n,ξ(x1, x2) := e
i ξx2ϕE0,n,ξ(x1). (3.63)
Applying HP to ψE0,n,ξ leads to the differential equation[
PAˆ + V
]
ψE0,n,ξ
=
(
2nB0 + E0
(
1
B0
(
ξ − E02B0
)− ζ)+ V0 + ( E02B0 )2)ψE0,n,ξ, (3.64)
with ξ ∈ R and n ∈ N0. In addition, for every ξ ∈ R and n ∈ N0, it holds
that
dˆψE0,n,ξ =
[
− i ∂1 − iB0
(
x1 − 1B0
(
ξ − E02B0
))
+ i E02B0
]
ψE0,n,ξ
= −i
√
2nB0ψE0,n−1,ξ + i
E0
2B0
ψE0,n,ξ , (3.65)
dˆ ∗ψE0,n,ξ =
[
− i ∂1 + iB0
(
x1 − 1B0
(
ξ − E02B0
))− i E02B0 ]ψE0,n,ξ
= i
√
2(n+ 1)B0ψE0,n+1,ξ − i E02B0ψE0,n,ξ . (3.66)
Proof of Theorem 3.18. It suffices to find a Weyl sequence for E = 0 since
conditions (3.57)−(3.60) hold also for the potential VE = V −E. Applying
(3.57) and (3.60), we find a sequence {yn}n∈N ⊂ Im(γ) satisfying
V (yn) = −2nB0 −
( |∇V (yn)|
2B0
)2
(3.67)
for n ≥ N , with N ∈ N large enough. In addition, we can find rotations
Rn ∈ SO(2,R) such that ∇VRn(xn) = |∇VRn(xn)|eˆ1, where xn := R−1n yn.
Let us introduce the short hand notation
Vn := V (yn) = VRn(xn), (3.68)
En := |∇V (yn)| = |∇VRn(xn)|, (3.69)
ξn := B0xn,1 +
En
2B0
. (3.70)
Pick χ ∈ C∞0 (R, [0, 1]), with χ(x) = 1 for |x| ≤ 1 and χ(x) = 0 for |x| ≥ 2.
To localise around the points xn = (xn,1, xn,2)
T , we set
χn,j(x) := χ
(
x−xn,j
rn
)
, j = 1, 2 ,
with rn =
√
n1+/B0 , and define
ψn(x) := χn,1(x1)χn,2(x2)ψEn,n,ξn(x1, x2)
= χ
(
x2−xn,2
rn
)
e−i ξnx2χ
(
x1−xn,1
rn
)( 4√B0φn(√B0(x1 − xn,1))
0
)
.
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The representation
ϑn(x) = (−1)n
∑
k1+2k2=n
n!
k1!k2!
(−1)k1+k2(2x)k1
of the n−th Hermite polynomial (see [AS64]) leads to the estimate |ϑn(x)| ≤
(n+ 1)2nn!|x|n for x ∈ R, implying that∫ ∞
√
n1+
|φn(x)|2dx ≤ (n+ 1)
2
4
2nn!
∫ ∞
√
n1+
x2ne−x
2
dx −→ 0 as n→∞.
In particular, in view of the symmetry of |φn|2, we have
rn ≤ 2rn
∫ √n1+
−
√
n1+
|φn(x)|2dx ≤ ‖ψn‖2
≤ 4rn
∫ 2√n1+
−2
√
n1+
|φn(x)|2dx ≤ 4rn
(3.71)
for n ∈ N sufficiently large. By setting Γ(x) = B02 x1x2, equations (3.61),
(3.64) and (3.67) imply, together with the choice of ξn, that
HPURne
−i Γψn = URne
−i Γ[PAˆ + VRn]ψn
= URne
−i Γ(dˆ ∗dˆψn − χn,1χn,2dˆ ∗dˆψEn,n,ξn) +
URne
−i Γ(VRn − Vn − En(x1 − x1,n))ψn. (3.72)
To estimate the localisation error
dˆ ∗dˆψn − χn,1χn,2dˆ ∗dˆψEn,n,ξn =
(− iχn,2∂1χn,1 + χn,1∂2χn,2)dˆ ∗ψEn,n,ξn +(− iχn,2∂1χn,1 − χn,1∂2χn,2)dˆψEn,n,ξn +(− χn,2∂21χn,1 − χn,1∂22χn,2)ψEn,n,ξn ,
we apply (3.65) and (3.66), resulting in∥∥(− iχn,2∂1χn,1 + χn,1∂2χn,2)dˆ ∗ψEn,n,ξn∥∥
≤
√
2(n+ 1)B0
∥∥(− iχn,2∂1χn,1 + χn,1∂2χn,2)ψEn,n+1,ξn∥∥
+ En2B0
∥∥(− iχn,2∂1χn,1 + χn,1∂2χn,2)ψEn,n,ξn∥∥
≤ 2
√
2(n+ 1)B0r
−1
n ‖χ′‖∞
√
2rn ‖φn+1‖+ EnB0 r−1n ‖χ′‖∞
√
2rn ‖φn‖
≤ 2
√
2‖χ′‖∞
(
B0
√
2n+2
n1+
+ En2
√
B0
n1+
)√
rn ,
∥∥(− iχn,2∂1χn,2−χn,1∂2χn,2)dˆψEn,n,ξn∥∥
≤
√
2nB0
∥∥(− iχn,2∂1χn,1 − χn,1∂2χn,2)ψEn,n−1,ξn∥∥
+ En2B0
∥∥(− iχn,2∂1χn,1 − χn,1∂2χn,2)ψEn,n,ξn∥∥
≤ 2
√
2‖χ′‖∞
(
B0
√
2n
n1+
+ En2
√
B0
n1+
)√
rn .
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The last term of the localisation error can be bounded like∥∥(− χn,2∂21χn,1 − χn,1∂22χn,2)ψEn,n,ξn∥∥ ≤ 2√2 ‖χ′′‖∞r−2n √rn .
Since, due to (3.67) and (3.60), we have
Vn = 2nB0
(
1− E
2
n
Vn4B20
)−1
(3.73)
for n ∈ N large enough, and therefore En/
√
n1+ → 0 as n → ∞, we con-
clude with norm estimate (3.71) that∥∥dˆ ∗dˆψn − χn,1χn,2dˆ ∗dˆψEn,n,ξn∥∥/‖ψn‖ −→ 0 as n→∞. (3.74)
For the remaining term of (3.72) we expand VRn up to second order: The
definition of Vn and En (see (3.68) and (3.69)) implies, for any x ∈ R2, that∣∣[VRn(x)− Vn − En(x1 − x1,n)]ψn(x)∣∣
≤ ∥∥Hess(VRn)∥∥2×2(ηx,xn)|x− xn|2|ψn(x)|,
where ηx,xn ∈ [x,xn]. Due to the fact that Rn are rotations, we have
‖Hess(VRn)‖2×2( · ) = ‖Hess(V )‖2×2(Rn · ) for any n ∈ N. Now recall that
‖Hess(V )‖2×2 varies with rate ν along Im(γ) and observe that (by (3.59)
and (3.73)) rn/|xn|ν → 0 as n → ∞. Thus, we find a constant C > 0 such
that for n ∈ N large enough it holds that
‖Hess(VRn)‖2×2(η) ≤ C‖Hess(VRn)‖2×2(xn)
whenever η satisfies |η − xn| ≤ 2rn. Assuming that N ∈ N is large enough,
we conclude∥∥URne−i Γ[VRn − Vn − En(x1 − x1,n)]ψn∥∥
≤ 4C‖Hess(V )‖2×2(Rnxn) r2n‖ψn‖
≤ 4C‖Hess(V )‖2×2(yn)
( |Vn|
B0
)1+ ‖ψn‖
for n ≥ N . Now condition (3.58) states that the right hand side of the last
inequality vanishes as n→∞, i.e. (URne−i Γψn)n∈N is a Weyl sequence for
the value 0.
Remark 3.20. One may observe that in the proof of Theorem 3.18 we
actually show that the upper component of HP satisfies σ(d
∗d+ V ) = R. It
is easy to see that also σ(dd∗+V ) = R under the conditions of the Theorem.
Remark 3.21. The idea of the proof of Theorem 3.18 is also useful to
improve the statement of 3.9 for HD in certain directions. However, we do
not precise the statement in this work.
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3.3 Applications and Open Questions
3.3.1 Systems with Rotational or Translational Symmetry
In this small paragraph we want to point out basic examples of electro-
magnetic field configurations, where our Theorems lead to new insights.
Even if there are far more examples, for which the results are applicable,
we concentrate on the most important ones.
First recall that for every s, c ∈ R the power functions f1(x) = c|x|s
and f2(x) = c|x1|s vary with an arbitrary rate ν ∈ [0, 1] along the half-line
L := {x ∈ R2 | x1 > 2, x2 = 0} (c.f. Example 3.8). Further, we know that
|∇f1(x)| = cs|x|s−1, ‖Hess(f1)‖2×2(x) = csmax (1, s− 1)|x|s−2,
|∇f2(x)| = cs|x1|s−1, ‖Hess(f2)‖2×2(x) = cs(s− 1)|x1|s−2,
for x ∈ R+×R. Hence, also |∇f1|, ‖Hess(f1)‖2×2, |∇f2| and ‖Hess(f2)‖2×2
vary with rate ν ∈ [0, 1] on the set L. Since, in addition, if c 6= 0 one has
|∇f1(x)|
f1(x)
= s
1
|x| ,
|∇f2(x)|
f2(x)
= s
1
|x1|
for x ∈ L, we can use Theorems 3.1, 3.9 and 3.11 to conclude
Corollary 3.22. Let s, t ≥ 0 and b0, v0 6= 0. Assume that B and V are of
form B(x) = b0|x|s, V (x) = v0|x|t. Then we have:
a) σ(HD) is purely discrete, i.e σess(HD) = ∅, if 0 < 2t < s, or if 0 < 2t = s
and |v0|2 < 2|b0|.
b) 0 ∈ σess(HD) if 0 < 2t = s and |v0|2 = 2b0k for some k ∈ N.
c) σ(HD) = R if 0 ≤ s < 2t < s + 1. Together with Corollary 2.31 we
conclude that in this case HD has dense pure point spectrum.
Other examples are magnetic fields B and potentials V that are trans-
lationally symmetric with respect to the x2-axis:
Corollary 3.23. Let s, t ≥ 0 and b0, v0 6= 0. Assume that B and V are of
form B(x) = b0|x1|s, V (x) = v0|x1|t. Then we have:
a) 0 ∈ σess(HD) if 0 < 2t = s and |v0|2 = 2b0k for some k ∈ N.
b) σ(HD) = R if 0 ≤ s < 2t < s+ 1.
Note that the second statement on systems with translational symmetry
carries even more information: If we investigate the fiber decomposition of
HD (see (2.52)), we may deduce that σac(HD) = R in case b) of the last
corollary (c.f. Theorem XIII.86 of [RS78]).
Let us proceed with the Pauli operator HP . Analogously as above, we
conclude from Theorems 3.15−3.18:
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Corollary 3.24. Let 0 ≤ s, t ≤ 2 and v0 < 0 < |b0|. Assume that B and V
are of form B(x) = b0|x|s, V (x) = v0|x|t. Then we have:
a) σ(HP ) is purely discrete, i.e σess(HP ) = ∅, if 0 < t < s, or if 0 < t = s
and |v0| < 2b0.
b) 0 ∈ σess(HP ) if 0 < t = s and |v0| = 2b0k for some k ∈ N.
c) σ(HP ) = R if 0 ≤ 3s < 3t < 2(s+ 1). Using Remark 2.33, we conclude
that in this case HP has dense pure point spectrum.
d) σ(HP ) = R if s = 0 and 0 < t < 1. Using Remark 2.33, we conclude
that in this case HP has dense pure point spectrum.
Corollary 3.25. Let 0 ≤ s, t ≤ 2 and v0 < 0 < |b0|. Assume that B and V
are of form B(x) = b0|x1|s, V (x) = v0|x1|t. Then we have:
a) 0 ∈ σess(HP ) if 0 < t = s and |v0| = 2b0k for some k ∈ N.
b) σ(HP ) = R if 0 ≤ 3s < 3t < 2(s+ 1).
c) σ(HP ) = R if s = 0 and 0 < t ≤ 1.
Remark 3.26. We observe that in part c) of Corollaries 3.24 and 3.25 the
condition 3s < 3t < 2(s + 1) does necessarily require that t < 2, which is
exactly the critical exponent for assuring the essential self-adjointness of the
operator HP .
3.3.2 Magnetic Schro¨dinger Operators
We briefly discuss another important operator from quantum mechanics,
where our results can be applied: The magnetic Schro¨dinger operator in dim-
ension two. Our results allow us to point out new, very simple examples of
rotationally symmetric electro-magnetic field configurations, where this op-
erator has dense pure point spectrum. Some further examples with periodic
potentials V are discussed in [Hoe97].
For the definition of the operator let B, V ∈ C(R2,R). Assume that A ∈
C1(R2,R2) generates the magnetic field B, i.e. B = curl A, and that V satis-
fies the lower bound condition (2.37) as for the Pauli operator. We set
HSψ :=
[
(−i∇−A)2 + V ]ψ = [HP − σ3B]ψ
for ψ ∈ C∞0 (R2,C2). The operator HS is essentially self-adjoint on the given
core (see [CFKS87]), so let us use the same symbol for the self-adjoint exten-
sion on L2(R2,C2). For pointing out our examples of magnetic Schro¨dinger
operators with dense pure point spectrum, resulting from our discussion on
HD and HP , we consider the analogue of Theorem 3.18 for HS :
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Theorem 3.27. Let B = B0 > 0, and V ∈ C(R2,R) be two times contin-
uously differentiable outside some compact set X. Assume that there is a
continuous path γ : R+ → R2, with |γ(t)| → ∞ as t → ∞, such that the
matrix norm of the Hessian matrix ‖Hess(V )‖2×2 : R2 → R varies with rate
ν ∈ [0, 1] on Im(γ) ⊂ R2\X. If there is a constant  > 0 for which holds
that
V (γ(t)) −→ −∞, (3.75)
‖Hess(V )‖2×2(γ(t))|V (γ(t))|1+ −→ 0, (3.76)
1
|γ(t)|2ν |V (γ(t))|
1+ −→ 0 (3.77)
as t→∞, and if
lim sup
t→∞
|∇V (γ(t))|2
|V (γ(t))| < (2B0)
2, (3.78)
then σess(HS) = R.
We note that this theorem is a direct consequence of Remark 3.20 since
HS = d
∗d+B0 + V in this case. Also for non-constant magnetic fields one
can obtain statements similar to those of Theorems 3.15−3.17. However,
we leave this branch of applications with:
Corollary 3.28. Assume that B(x) = B0 > 0 and that V has the form
V (x) = v0|x|t, with v0 < 0 and t ∈ (0, 1). Then σ(HS) = R and the opera-
tor HS has dense pure point spectrum.
3.3.3 Further Questions on the Spectrum
To close this chapter, let us propose some further questions, which raised
along our studies of the spectra of quantum Hamiltonians in dimension two.
One of them one may notice while going through Corollaries 3.22 and
3.25 of the previous subsection: Our results lead to a complete determi-
nation of the spectrum of HD and HP in the case of magnetic fields and
potentials of the form B(x) = b0|x|s, V (x) = v0|x|t, but only for a certain
scope of exponents s and t. While one can read of Corollary 2.31 and Re-
mark 2.33 that σ(HD) and σ(HP ) are of pure point type when t ∈ [0, s+ 1)
and when t ∈ [0, 2) respectively, our results do only state that:
• The set of eigenvalues of HD is dense in R if 2t ∈ (s, s+ 1).
• The set of eigenvalues of HP is dense in R if 3t ∈ (3s, 2(s+ 1)) and if
s = 0, t ∈ (0, 1).
So far, we still cannot say whether this holds also true for the powers t ∈
[(s+ 1)/2, s+ 1) in the case of HD, and for the powers t ∈ [2(s+ 1)/3, 2) in
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the case of HP . In view of the results on σ(HD) for t > s+ 1 (see Corollary
2.32) and in view of the argumentation in the introduction, one may suggest
that the answer of this questions is positive.
A further problem, targeting another direction, is how sensitive these
examples of dense pure point spectrum are with respect to small pertur-
bations of V (that are not spherically symmetric). It is known that for
certain operators of this spectral type even rank one perturbation do suf-
fice to alter the spectrum completely (c.f. [DRMS94]). Hence, it would be
interesting to see whether already a destruction of the rotational symmetry
of V on a compact set can generate a continuous part in the spectrum of
these operators.
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Chapter 4
Time Evolution of Dirac
Systems in Dimension Two
In this chapter we investigate how the density distribution |ψ|2( · ) of a state
ψ spreads with time assuming that the time evolution is governed by the
Dirac wave equation in dimension 2 + 1. In particular, we are interested in
the relation between the spectrum of the corresponding Dirac operator and
the possibility of ballistic behaviour.
To be more precise, we assume, as in the definition of the Dirac operator
in Subsection 2.2.1, that A ∈ Lploc(R2,R2) and V ∈ Lploc(R2,R) for some
p > 2. Since we only consider Dirac systems in this chapter, let us use the
notation
H := HD = σ · (−i∇−A) + V on L2(R2,C2).
As usual, we assume that the time evolution ψ(t) of a state ψ ∈ L2(R2,C2)
is given by the Dirac wave equation
−i ∂tψ(t) = Hψ(t), ψ(0) = ψ.
Due to the self-adjointness of H, we can define the unitary time evolution
operator e−i tH on L2(R2,C2) and obtain the time evolved state via
ψ(t) = e−i tHψ.
As mentioned in the introduction, the RAGE theorem already states that
the time evolution of the expectation value〈
ψ(t),1{|x|≤R}ψ(t)
〉
depends sensitively on whether one starts with ψ ∈ Ppp(H)L2(R2,C2) or
with ψ ∈ Pac(H)L2(R2,C2), i.e. whether ψ belongs to the subspace associ-
ated to the point spectrum of H or to the one associated to the absolutely
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continuous spectrum of H. The results of this chapter confirm that the
occurrence of ballistic behaviour, meaning that〈
xψ(t),xψ(t)
〉 ≈ Cψt2 (4.1)
holds for some Cψ > 0, also depends on whether ψ ∈ Ppp(H)L2(R2,C2) or
ψ ∈ Pac(H)L2(R2,C2). However, while (4.1) can be ruled out in general for
initial states that satisfy ψ ∈ Ppp(H)L2(R2,C2) (see Section 4.2), we obtain
ballistic dynamics for ψ ∈ Pac(H)L2(R2,C2) only in the Cesa`ro mean and
only for certain electro-magnetic potentials. The precise statements on the
latter point, presented in Section 4.3, were already published in [MS15].
4.1 Heisenberg Picture and Bounds on the Prop-
agation Velocity
We shortly recapitulate some facts concerning the time evolution of the
multiplication operator x on L2(R2,C2). To do this we work with the reg-
ularised operator
xλ :=
x
1 + λ|x|2 on L
2(R2,C2),
with λ > 0. Note that for any ψ ∈ D(x) we have xλψ → xψ in L2-sense as
λ→ 0. Since xλ and
i [H,xλ] =
σ
1 + λ|x|2 − λ
x
1 + λ|x|2
(σ · x)
1 + λ|x|2 (4.2)
are bounded, we know that for ψ ∈ D(H) both components of xλψ are in
the domain of H. Hence, for ψ ∈ C∞0 (R2,C2) we can compute
d
dt
ei tHxλe
−i tHψ = ei tH [iH,xλ]e−i tHψ,
or equivalently
ei tHxλe
−i tHψ − xλψ =
∫ t
0
ei sH [iH,xλ]e
−i sHψ ds
for any t ∈ R. Formula (4.2) implies that∫ t
0
ei sH [iH,xλ]e
−i sHds −→
∫ t
0
ei sHσe−i sHds as λ→ 0,
where t ∈ R, which leads to
Proposition 4.1. The operator e−i tH maps D(x) into D(x). In addition,
for ψ ∈ D(x) one has the representation
x(t)ψ := ei tHxe−i tHψ = xψ +
∫ t
0
ei sHσe−i sHψ ds.
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Similarly, one can use a regularisation of the multiplication operator |x|n
on L2(R2,C2), with n ∈ N, to deduce
Proposition 4.2 (c.f. Theorem 8.5 of [Tha92]). For any n ∈ N the operator
e−i tH maps D(|x|n) into D(|x|n). In addition, for any ψ ∈ D(|x|n) one has
ei tH |x|ne−i tHψ = |x|nψ + n
∫ t
0
ei sH |x|n−2(σ · x) e−i sHψ ds.
We can derive immediately an upper bound on the propagation speed
by applying the last proposition inductively.
Corollary 4.3. Let n ∈ N and ψ ∈ D(|x|n/2). Then one can find a constant
Cn(ψ) > 0 such that∥∥|x|n/2e−itHψ∥∥2 ≤ Cn(ψ)(1 + |t|)n
for all t ∈ R.
This corollary states that the wave package spreading under the Dirac
time evolution cannot be super-ballistic.
4.2 Pure Point Spectrum and Absence of Ballistic
Behaviour
We show in this section that the expectation value
〈xψ(t),xψ(t)〉 (4.3)
is at most of order o(t2) if H has only point spectrum (within the energy
interval where ψ is supported). Of course, this upper bound is quite weak
compared to the ones which can be achieved for more specific situations (see
discussion at the end of this section). However, it is valid without any fur-
ther conditions. As pointed out in [Sim90], one can use the representation
x(t) = x +
∫ t
0
ei sHσe−i sH ds := x +
∫ t
0
σ(s) ds
on D(x) to show
Theorem 4.4. Let I ⊂ R be an open interval. Assume that σ(H) ∩ I =
σpp(H) ∩ I. Then for any ψ ∈ D(x) ∩ 1I(H)L2(R2,C2) we have
1
t2
〈
ψ(t),x2ψ(t)
〉 −→ 0 as t→∞.
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In view of the integral representation of x(t) we can write
1
t2
〈
xψ(t),xψ(t)
〉
=
1
t2
〈
xψ,xψ
〉
+ 2Re
(
1
t2
∫ t
0
〈
xψ,σ(s)ψ
〉
ds
)
+
1
t2
∫ t
0
∫ t
0
〈
σ(u)ψ,σ(s)ψ
〉
duds, (4.4)
so we have to show that (4.4) vanishes as t→∞. To do so, we first consider
this quadratic form on eigenfunctions of H.
Lemma 4.5. Let I ⊂ R be an open interval such that σ(H)∩I = σpp(H)∩I.
If ψ, ψ˜ are eigenstates of H associated to an eigenvalue E ∈ I, we have〈
ψ,σψ˜
〉
= 0.
Proof. Let X ∈ C∞(R2,R2) be such that
X (x) =
{
x if |x| ≤ 1,
2 x|x| if |x| ≥ 2 .
For R > 0 we define the bounded multiplication operator xR := RX (x/R)
and
σR := σ · ∇xR =
(
σ · ∇X )( ·
R
)
=
{
σ if |x| ≤ R
0 if |x| ≥ 2R .
Since for ψˆ ∈ L2(R2,C2) one can estimate
‖(σ − σR)ψˆ‖ ≤M‖χ{|x|>R}ψˆ‖ −→ 0 as R→∞,
we conclude that〈
ψ,σψ˜
〉
= lim
R→∞
〈
ψ,σRψ˜
〉
= lim
R→∞
i
〈
ψ, [H,xR]ψ˜
〉
= 0.
Lemma 4.6. Let I ⊂ R be an open interval such that σ(H)∩I = σpp(H)∩I.
Denote by {Em}m∈N ⊂ I the set of eigenvalues of H within I. If ψk and ψl
are eigenstates of H associated to eigenvalues Ek ∈ I and El ∈ I, we have
lim
t→∞
1
t2
∫ t
0
∫ t
0
〈
σ(u)ψk,σ(s)ψl
〉
duds = 0.
Proof. Using that id = 1I(H) + 1R\I(H) on L2(R2,C2), we can split
1
t2
∫ t
0
∫ t
0
〈
σ(u)ψk,σ(s)ψl
〉
duds
=
1
t2
∫ t
0
∫ t
0
〈
σ(u)ψk,1I(H)σ(s)ψl
〉
duds
+
1
t2
∫ t
0
∫ t
0
〈
σ(u)ψk,1R\I(H)σ(s)ψl
〉
duds.
(4.5)
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Note that∫ t
0
∫ t
0
〈
σ(u)ψk,1R\I(H)σ(s)ψl
〉
du ds
=
∫ t
0
∫ t
0
〈
σ(u)ψk, e
i s(H−El)1R\I(H)σψl
〉
du ds
=
∫ t
0
〈
σ(u)ψk,
(
ei t(H−El) − id)(H − El)−1 1R\I(H)σψl〉 du,
hence
1
t2
∫ t
0
∫ t
0
〈
σ(u)ψk,1R\I(H)σ(s)ψl
〉
duds −→ 0 as t→∞ .
For the other term of (4.5) we use the representation 1I(H) =
∑∞
m=1 |ψm〉〈ψm|,
where ψm is the eigenstate associated to Em, to obtain∫ t
0
∫ t
0
〈
σ(u)ψk,1I(H)σ(s)ψl
〉
duds
=
∞∑
m=1
∫ t
0
∫ t
0
〈
σ(u)ψk, ψm
〉〈
ψm,σ(s)ψl
〉
du ds
=
∞∑
m=1
∫ t
0
∫ t
0
eiu(Ek−Em)ei s(Em−El) duds
〈
σψk, ψm
〉〈
ψm,σψl
〉
. (4.6)
Now, if Em = Ek or Em = El, we know by Lemma 4.5 that
〈
σψk, ψm
〉
= 0
or
〈
ψm,σψl
〉
= 0. If Em 6= Ek and Em 6= El, we can integrate, getting∫ t
0
∫ t
0
eiu(Ek−Em)ei s(Em−El) duds
=
1
(Ek − Em)
1
(El − Em)
(
ei t(Ek−Em) − 1)(ei t(Em−El) − 1)
and therefore
1
t2
∫ t
0
∫ t
0
ei s(Ek−Em)eiu(Em−El) duds −→ 0 as t→∞.
Summarising, we see that for any m ∈ N it holds that
1
t2
∫ t
0
∫ t
0
〈
σ(u)ψk, ψm
〉〈
ψm,σ(s)ψl
〉
duds −→ 0 as t→∞.
The inequality∣∣∣∣ 1t2
∫ t
0
∫ t
0
〈
σ(u)ψk, ψm
〉〈
ψm,σ(s)ψl
〉
duds
∣∣∣∣ ≤ ∣∣〈σψk, ψm〉∣∣ ∣∣〈ψm,σψl〉∣∣
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allows us to apply the dominated convergence theorem in (4.6) since the
right hand side of it is summable in m. We deduce that
1
t2
∫ t
0
∫ t
0
〈
σ(u)ψk,1I(H)σ(s)ψl
〉
duds −→ 0 as t→∞.
Proof of Theorem 4.4. As in Lemma 4.6, let us denote by {Em}m∈N the set
of eigenvalues of H within I (counting multiplicity). The corresponding
normalised eigenfunctions {ψm}m∈N form an orthonormal basis of the sub-
space 1I(H)L
2(R2,C2). We write ψ =
∑∞
l=1 clψl ∈ 1I(H)L2(R2,C2) and
set ψN =
∑N
l=1 clψl for N ∈ N. From Lemma 4.6 follows that
lim
t→∞
1
t2
∫ t
0
∫ t
0
〈
σ(u)ψN ,σ(s)ψN
〉
duds
=
N∑
k=1
N∑
l=1
ckcl lim
t→∞
1
t2
∫ t
0
∫ t
0
〈
σ(u)ψk,σ(s)ψl
〉
duds = 0
for any N ∈ N. We choose  > 0. Then there exist N ∈ N and T > 0 such
that ‖ψ − ψN‖ ≤ /3 and∣∣∣∣ 1t2
∫ t
0
∫ t
0
〈
σ(u)ψN ,σ(s)ψN
〉
duds
∣∣∣∣ ≤ /3
for all t > T . Hence,∣∣∣∣ 1t2
∫ t
0
∫ t
0
〈
σ(u)ψ, σ(s)ψ
〉
duds
∣∣∣∣
≤
∣∣∣∣ 1t2
∫ t
0
∫ t
0
〈
σ(u)ψN ,σ(s)ψN
〉
duds
∣∣∣∣
+
1
t2
∫ t
0
∫ t
0
∣∣〈σ(u)(ψ − ψN),σ(s)ψ〉∣∣duds
+
1
t2
∫ t
0
∫ t
0
∣∣〈σ(u)ψN ,σ(s)(ψ − ψN)〉∣∣ du ds
≤ 
3
+
1
t2
∫ t
0
∫ t
0
∥∥σ(u)(ψ − ψN)∥∥∥∥σ(s)ψ∥∥duds
+
1
t2
∫ t
0
∫ t
0
∥∥σ(u)ψN∥∥∥∥σ(s)(ψ − ψN)∥∥duds
≤ 
3
+

3
+

3
= 
for t > T . Thus, we see that
1
t2
∫ t
0
∫ t
0
〈
σ(u)ψ,σ(s)ψ
〉
duds −→ 0 as t→∞.
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Let us briefly point out that if H has pure point spectrum, there exists
also the possibility to use (uniform) decay properties of the eigenfunctions
to obtain upper bounds on (4.3). If the decay is strong enough, these bounds
can even be time-independent. Within our framework, let us consider the
case of a rotationally symmetric field configuration. Then a decomposition
of H into operators hk on the half-line enables us to gain information on
the eigenfunction-decay via the eigenfunctions of the hk’s. This suffices to
deduce (almost) dynamical localisation, i.e. time-independent bounds on
(4.3), for many cases in which σ(H) is of pure point type. For the precise
statement recall that if B ∈ C(R2,R) and V ∈ C1(R2,R) are rotationally
symmetric, we can write B( · ) = b(| · |), V ( · ) = v(| · |) and use the gauge
(2.49) to obtain the decomposition
Q∗UHU∗Q =
⊕
k∈Z+ 1
2
hk,
with the operators hk as defined in (2.6). Recall that Q = 1/
√
2(1−iσ3) and
U : L2(R2,C2) −→⊕j∈Z+ 1
2
L2(R+,C2) are unitary maps. Due to Corollary
2.31, we know that if
|A(r)| −→ ∞ as r →∞, (4.7)
lim sup
r→∞
∣∣∣∣ v(r)A(r)
∣∣∣∣ < 1, ( vA)′ is bounded, (4.8)
A′(r)
A2(r)
−→ 0 as r →∞, (4.9)
then H has pure point spectrum. For such a system we even have
Theorem 4.7 (Theorem 1.1 of [BMST15]). Consider the Dirac operator H
with rotationally symmetric B( · ) = b(| · |) and V ( · ) = v(| · |). Suppose that
the potentials A(r) = r−1
∫ r
0 B(s)sds and v fulfill (4.7)−(4.9). If for given
constants E,m > 0 the state ψ ∈ 1[−E,E](H)L2(R2,C2), with decomposition
Q∗Uψ = ⊕k∈Z+ 1
2
ϕk, satisfies∑
k∈Z+ 1
2
|k|m‖ϕk‖2 <∞, (4.10)
then
sup
t≥0
∥∥|x|m2 e−i tHψ∥∥2 <∞. (4.11)
The proof of this theorem can be found in the given reference. Keeping in
mind that U is essentially a Fourier transformation in the angular variable,
condition (4.10) is a mild constraint on the regularity in the angular variable
of ψ (considered in polar coordinates). It is necessary since the decay of the
eigenfunctions of the operators hk, which is exploited in the proof, is not uni-
form in k. Condition (4.10) is therefore required to compensate this missing
uniformity in the Fourier-transformed angular variable.
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4.3 Ballistic Dynamics for certain Systems with
Absolutely Continuous Spectrum
In this section we show that it is possible to obtain ballistic dynamics for
massless Dirac operators with an absolutely continuous part in the spectrum
in the sense that 〈〈
xψ(·),xψ(·)〉〉
T
≈ CψT 2. (4.12)
Here we use the notation
〈Θ〉T := 1
T
∫ T
0
Θ(t) dt (4.13)
for the Cesa`ro-mean of a function Θ : R+ → R+. Against intuition, deduc-
ing (4.12) for states with support in the absolutely continuous part of the
spectrum is not trivial and we can only prove it for systems with rotational
or translational symmetry. To do so, we use ideas originating from [Gua89]
and [Com93]. A mathematically more refined elaboration (especially from
the measure theoretic point of view) can be found in [Las96]. Let us briefly
recall the connection between the time evolution of a state and the continuity
of the spectral measure associated to it.
Definition 4.8. Let µ : B(R) → [0,∞] be a Borel measure on R. We
say that µ is uniformly Lipschitz continuous (with respect to the Lebesgue
measure) if there is a constant C > 0 such that for any interval I ⊂ R with
|I| ≤ 1 it holds that
µ(I) ≤ C|I|.
Example 4.9. Let µ be an absolutely continuous Borel measure on R with
bounded Radon-Nikodym derivative. Then µ is uniformly Lipschitz contin-
uous.
As pointed out by [Str90] and authors cited therein, the continuity of a
measure µ implies a certain decay of its Fourier transform µ̂. For our results
we only need the following special case:
Proposition 4.10. Let µ be a uniformly Lipschitz continuous Borel mea-
sure. Then there exists a constant C > 0 such that for any function
% ∈ L2(R,C; dµ) it holds that
〈|%̂µ|2(·)〉
T
:=
1
T
∫ T
0
∣∣∣∣ ∫
R
e−i ts%(s) dµ(s)
∣∣∣∣2dt ≤ CT−1 ∫
R
|%(s)|2dµ(s).
Now assume that G is a self-adjoint operator on a Hilbert space H and
that the Borel measure
µϕ : B(R)→ [0,∞], I 7→
〈
ϕ,1I(G)ϕ
〉
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associated to ϕ ∈ H is Lipschitz continuous. Then, due to the spectral
theorem, the overlap of ϕ(t) with another state ϕ˜ ∈ H can be written as
〈
ϕ˜, ϕ(t)
〉
=
〈
ϕ˜, e−i tGϕ
〉
=
∫
R
e−i ts%ϕ˜(s)dµϕ(s),
where %ϕ˜ ∈ L2(R,C; dµ) satisfies
∫
R |%ϕ˜|2dµϕ(s) ≤ ‖ϕ˜‖2. Therefore, Propo-
sition 4.10 states that 〈∣∣〈ϕ˜, ϕ(t)〉∣∣2〉
T
≤ CϕT−1‖ϕ˜‖2, (4.14)
i.e. the considered overlap vanishes in the Cesa`ro-mean with a rate propor-
tional to T−1. We now demonstrate that (4.14) provides a tool to estimate
how fast the bulk of a state ϕ leaves a given compact region under time
evolution (assuming that µϕ is sufficiently regular).
Proposition 4.11. Let G be a self-adjoint operator on a Hilbert space H
and suppose that K : H → H is a Hilbert-Schmidt operator. If for ϕ ∈ H
the Borel measure µϕ( · ) =
〈
ϕ,1 · (G)ϕ
〉
is uniformly Lipschitz continuous,
then there exists a constant Cϕ such that〈〈
Ke−i tGϕ,Ke−i tGϕ
〉〉
T
≤ Cϕ‖K‖2HS T−1.
Proof. Using the singular value decomposition of the compact operator K
on H, we can write
K∗K =
∞∑
n=1
λnλ¯n〈φn, · 〉φn,
with an orthonormal set {φn}n∈N ⊂ H. Here {λn}n∈N is a square-summable
sequence that satisfies
‖K‖2HS =
∞∑
n=1
|λn|2.
Using (4.14), we estimate
〈〈
Ke−i tGϕ,Ke−i tGϕ
〉〉
T
=
∞∑
n=1
|λn|2
〈∣∣〈φn, e−i tGϕ〉∣∣2〉T ≤ Cϕ‖K‖2HST−1
for T > 0.
Applied to local compact operators later on, this rather general propo-
sition leads to a bound of order T−1 on the quantity
1
T
∫ T
0
∥∥1{|x|≤R}ϕ(t)∥∥2dt (4.15)
if we assume that µϕ is uniformly Lipschitz continuous. Recall that the
RAGE theorem merely states that (4.15) is vanishing as T → ∞ if µϕ is
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continuous. To deduce finally the ballistic wave package spreading for our
two-dimensional Dirac operator H, it would require Hilbert-Schmidt bounds
of type ∥∥∥∥1{|x|≤R} 1H − i
∥∥∥∥2
HS
≤ cR
for some c > 0. Even in the free case (A = 0 and V = 0) this is not possible.
However, if one allows the electro-magnetic field to be rotationally sym-
metric or translationally symmetric (see Subsection 2.2.3) one can think of
a decomposition
ei tH |x|2e−i tH ∼=
⊕
k∈Z+ 1
2
ei thkr2e−i thk
or
ei tH |x1|2e−i tH ∼=
∫ ⊕
R
ei th(ξ)|x1|2e−i th(ξ) dξ
respectively, to reduce the problem to a question on the dynamics of Dirac
operators on the (half-)line. We therefore aim to apply Proposition 4.11 to
the operators hk on L
2(R+,C2) and h(ξ) on L2(R,C2), given by (2.6) and
by (2.53) respectively. The following two lemmata state that the potential
transformations, introduced in Subsection 2.1.2, enable us to establish the
desired Hilbert-Schmidt bounds for these one-dimensional operators in the
case when |A| < |v| at ∞ (c.f. Assumptions 2.14 and 2.15).
Lemma 4.12 (Theorem 3 of [MS15]). Let hk, for k ∈ Z + 12 , be defined
as in (2.6), with A, v satisfying Assumption 2.15. Then there is a constant
Ck > 0 such that for any bounded intervall I ⊂ [1,∞) we have∥∥∥∥1I 1hk − i
∥∥∥∥
HS
≤ Ck
√
|I| .
Proof. In view of Theorem 2.16, we can write
1I
1
hk − i = e
σ2θ/2 1I
1
h˜k − i
[
(h˜k − i )(Mh˜k − i )−1
]
e−σ2θ/2,
with θ = tanh−1 β = tanh−1(A2/v) and
h˜k = σ1(−i ∂x) + γ(1 + σ2β)σ2
(
k
x
−A1
)
+ v1/γ + v2/γ + σ3
θ′
2
.
Note that Theorem 2.16 also implies that (h˜k − i )(Mh˜k − i )−1 is bounded,
hence it remains to find the right Hilbert-Schmidt bound for
1I
1
h˜k − i
.
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Let us simplify the notation by writing
h˜k = σ1(−i ∂x) + σ2 k
x
+W + v2/γ,
where W = W1 +W2 denotes the sum of the potentials
W1 := v1/γ − γ(1 + σ2β)σ2A1 ∈ Lp(R+,C2×2),
with p > 2, and
W2 := γ(1 + σ2β)σ2
k
x
− σ2 k
x
+ σ3
θ′
2
=
(
(γ − 1) + γβσ2
)
σ2
k
x
+ σ3
θ′
2
.
Due to the support properties of A2, the function β is supported away from
zero, meaning that W2 is uniformly bounded on R+. In particular, there
exists a constant c1 > 0 for which holds that∥∥∥∥1I 1h˜k − i
∥∥∥∥
HS
≤ c1
∥∥∥∥1I 1h˜k −W2 − i
∥∥∥∥
HS
. (4.16)
Since W1 has bounded support, this term is an infinitesimally small pertur-
bation with respect to h˜k−W = σ1(−i ∂x)+σ2 kx +v2/γ (see Corollary 2.7),
i.e. we obtain the estimate∥∥∥∥1I 1h˜k −W2 − i
∥∥∥∥
HS
≤ c2
∥∥∥∥1I 1h˜k −W − i
∥∥∥∥
HS
, (4.17)
with c2 > 0. Finally, we compare h˜k −W with the half-line operator
h0 := σ1(−i ∂x) + v2/γ on L2(R+,C2),
which is self-adjoint on D(h0) (given by (2.10) with α = 0), as follows: We
choose χ ∈ C∞(R+, [0, 1]), with
χ(x) =
{
0 if x ≤ 12 ,
1 if x ≥ 1,
and write
1I
1
h˜k −W − i
= 1Iχ
1
h˜k −W − i
= 1I
1
h0 − i
[
(h0 − i )χ
(
h˜k −W − i
)−1]
.
Here the operator in [...] is well defined and bounded in view of Remark 2.5
and the Closed Graph Theorem (however, the operator norm depends on
|k|). So there is a c|k| > 0 such that∥∥∥∥1I 1h˜k −W − i
∥∥∥∥
HS
≤ c|k|
∥∥∥∥1I 1h0 − i
∥∥∥∥
HS
≤ c|k|
√
|I|. (4.18)
Here we used Proposition 2.13 for the second inequality. Putting together
(4.16)−(4.18), the claim follows.
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Lemma 4.13 (Theorem 1 of [MS15]). Let h(ξ), for ξ ∈ R, be defined as
in (2.53), with A, v satisfying Assumption 2.14. Then there is a constant
Cξ > 0 such that for any bounded interval I ⊂ R we have∥∥∥∥1I 1h(ξ)− i
∥∥∥∥
HS
≤ Cξ
√
|I|.
Proof. Since h(ξ) = h(0) + σ2ξ, it suffices to show the statement for the
operator h = h(0). In view of Theorem 2.16, we write
1I
1
h− i = 1I e
σ2θ/2 1
Mh˜− i e
−σ2θ/2
= eσ2θ/2 1I
1
h˜− i
[
(h˜− i )(Mh˜− i )−1]e−σ2θ/2,
with
h˜ = −iσ1∂x − γ(1 + σ2β)σ2A1 + v1/γ + v2/γ + σ3 θ
′
2
,
where θ = tanh−1 β = tanh−1(A2/v) has a uniformly bounded derivative.
The operator (h˜− i )(Mh˜− i )−1 is bounded by Theorem 2.16 and the Closed
Graph Theorem, hence we have∥∥∥∥1I 1h− i
∥∥∥∥
HS
≤ c
∥∥∥∥1I 1h˜− i
∥∥∥∥
HS
for some c > 0. Setting W1 = −γ(1 + σ2β)σ2A1 + v1/γ, we use the second
resolvent identity to obtain(
h˜− i )−1 = (− iσ1∂x +W1 + v2/γ − i )−1[1− σ3 θ′
2
(
h˜− i )−1]
= U∗
(− iσ1∂x +W − i )−1U[1− σ3 θ′
2
(
h˜− i )−1],
where W := UW1U
∗ and U is the unitary transformation from Proposition
2.12. Note that |W | ∈ Lp for some p ≥ 2. Hence, the Kato-Seiler-Simon
inequality yields that W is infinitesimally bounded with respect to −iσ1∂x.
In particular,
W
(− iσ1∂x +W − i )−1
is a bounded operator. Therefore, we use the resolvent identity(− iσ1∂x +W − i )−1 = (− iσ1∂x − i )−1[1−W (−iσ1∂x +W − i )−1 ]
to deduce that ∥∥∥∥1I 1h˜− i
∥∥∥∥
HS
≤ C
∥∥∥∥1I 1−iσ1∂x − i
∥∥∥∥
HS
for some C > 0. The claim is then a direct consequence of Proposition
2.13.
With these two lemmata we can prove the main theorems of this section:
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Theorem 4.14 (Theorem 4 of [MS15]). Consider the operator hk, where
k ∈ Z + 12 , with potentials A, v satisfying Assumption 2.15. For E > 0 let
ϕ ∈ Pac(hk)1[−E,E](hk)L2(R+,C2) be non-zero. Then for each m > 0 there
exists a constant Ck(ϕ,E,m) > 0 such that〈∥∥xm2 e−i thkϕ∥∥2〉
T
≥ Ck(ϕ,E,m)Tm (4.19)
for T > 0.
Theorem 4.15 (Theorem 2 of [MS15]). Consider the operator h(ξ), where
ξ ∈ R, with potentials A, v satisfying Assumption 2.14. For E > 0 let ϕ ∈
Pac(h(ξ))1[−E,E](h(ξ))L2(R,C2) be non-zero. Then for each m > 0 there
exists a constant Cξ(ϕ,E,m) > 0 such that〈∥∥|x|m2 e−i th(ξ)ϕ∥∥2〉
T
≥ Cξ(ϕ,E,m)Tm (4.20)
for T > 0.
We only give the proof of Theorem 4.14. The one of Theorem 4.15 is
completely analogous, but uses Lemma 4.13 instead of Lemma 4.12.
Proof of Theorem 4.14. As above, let us denote by
µϕ : B(R)→ [0,∞], O 7→
〈
ϕ,1O(hk)ϕ
〉
the Borel measure associated to ϕ ∈ L2(R+,C2) (with respect to hk). Due to
the absolute continuity (with respect to the Lebesgue measure), the measure
µϕ has an L
1- Radon-Nikodym derivative, i.e. we can write
µϕ(O) =
∫
O
µ′ϕ(s)ds
with µ′ϕ ∈ L1(R,R+). For α > 0, so large that
µϕ({µ′ϕ > α}) ≤
1
4
‖ϕ‖2,
we define Oa = {µ′ϕ ≤ α} and Ob = {µ′ϕ > α}. Then the measures
µϕ,a(O) := µϕ(O ∩Oa) =
∫
O
µ′ϕ(s)1Oa(s)ds, O ∈ B(R)
µϕ,b(O) := µϕ(O ∩Ob) =
∫
O
µ′ϕ(s)1Ob(s)ds, O ∈ B(R)
are singular to each other and satisfy µϕ = µϕ,a + µϕ,b. In addition, µϕ,a
is uniformly Lipschitz continuous (with respect to the Lebesgue measure)
since it has the Radon-Nikodym derivative µ′ϕ 1Oa . Observe that the states
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ϕj := 1Oj (hk)ϕ, with j ∈ {a, b}, generate the measures µϕ,j , i.e. for any
O ∈ B(R) we have
µϕj (O) =
〈
ϕj ,1O(hk)ϕj
〉
=
〈
ϕ,1O∩Oj (hk)ϕ
〉
= µϕ(O ∩Oj) = µϕ,a(O ∩Oj) + µϕ,b(O ∩Oj) = µϕ,j(O).
Summarising, we can decompose ϕ in a sum of mutually orthogonal states
ϕa and ϕb such that µϕ = µϕa ⊕ µϕb , where µϕa is uniformly Lipschitz con-
tinuous. In particular, we can apply Proposition 4.11 to ϕa, which satisfies
‖ϕa‖2 = ‖ϕ‖2 − ‖ϕb‖2 = ‖ϕ‖2 − µϕ,b(R) ≥ 3
4
‖ϕ‖2 > 0.
To obtain (4.19), we estimate∥∥xm2 e−ihktϕ∥∥2 ≥ ∥∥Rm2 1(R,∞)e−ihktϕ∥∥2
≥ Rm(‖ϕ‖2 − ∥∥1(0,R)e−ihktϕ∥∥2)
≥ Rm(‖ϕ‖2 − 2∥∥1(0,R)e−ihktϕa∥∥2 − 2‖ϕb‖2)
≥ Rm(12‖ϕ‖2 − 2∥∥1(0,R)e−ihktϕa∥∥2) (4.21)
for R > 1. Using that ϕa ∈ 1[−E,E]L2(R+,C2) and the local compactness
of hk, we deduce from the RAGE theorem that〈∥∥1(0,1]e−ihktϕa∥∥2〉T ≤ 18‖ϕ‖2
for T ≥ T0 (where T0 has to be chosen large enough). So we can proceed
with estimate (4.21) to obtain〈∥∥xm2 e−ihktϕ∥∥2〉
T
≥ Rm(14‖ϕ‖2 − 2〈∥∥1(1,R)e−ihktϕa∥∥2〉T ) (4.22)
for T ≥ T0. For the second term on the right hand side of (4.22) we apply
Proposition 4.10 and Lemma 4.12, resulting in〈∥∥1(1,R)e−ihktϕa∥∥2〉T = 〈∥∥1(1,R)1[−E,E](hk)e−ihktϕa∥∥2〉T
≤ CϕaT−1
∥∥∥∥1(1,R) 1(hk − i )
∥∥∥∥2
HS
∥∥(hk − i )1[−E,E](hk)∥∥2
≤ CϕaCk(E2 + 1)RT−1.
Combining this with (4.22), we get〈∥∥xm2 e−ihktϕ∥∥2〉
T
≥ Rm(14‖ϕ‖2 − CϕaCk(E2 + 1)RT−1)
=
1
8
(8CϕaCk(E
2 + 1))−m‖ϕ‖2m+2 Tm, (4.23)
for T > T0, if we choose
R ≡ R(T ) = ‖ϕ‖
2
8CϕaCk(E
2 + 1)
T.
After lowering the constant in front of Tm, one can even assume that (4.23)
holds also for T ∈ [0, T0].
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We come back to our original problem: The occurrence of ballistic dy-
namics for Dirac particles in dimension two, under the assumption that the
magnetic vector potential is small compared to the scalar potential.
Corollary 4.16. Consider the massless Dirac operator H on L2(R2,C2)
with rotationally symmetric B( · ) = b(| · |) and V ( · ) = v(| · |). Assume that
A(r) = r−1
∫ r
0 b(s)sds and v satisfy Assumption 2.15. For E > 0 let
ψ ∈ Pac(H)1[−E,E](H)L2(R2,C2)
be non-trivial. Then for each m > 0 there exists a constant C(ψ,E,m) > 0
such that 〈∥∥|x|m2 e−i tHψ∥∥2〉
T
≥ C(ψ,E,m)Tm
holds for all T > 0.
Proof. In view of the discussion in Subsection 2.2.3, we have
Uψ = ⊕k∈Z+ 1
2
ϕk ∈
⊕
k∈Z+ 1
2
Pac(hk)L
2(R+,C2). (4.24)
Since U |x|m2 U∗ is diagonal, with [U |x|m2 U∗]
k,k
= r
m
2 , we can estimate
∥∥|x|m2 e−i tHψ∥∥2 = ∑
k∈Z+ 1
2
∥∥rm2 e−i thkϕk∥∥2 ≥ l+
1
2∑
k=−l− 1
2
∥∥rm2 e−i thkϕk∥∥2,
where l ∈ N is chosen so large that ∑l+1/2k=−l−1/2 ‖ϕk‖2 ≥ 12‖ψ‖. Observe that
(2.50) implies 1[−E,E](H) =
⊕
k∈Z+ 1
2
1[−E,E](hk). Hence, due to (4.24), we
can apply Theorem 4.14 to deduce
∥∥|x|m2 e−i tHψ∥∥2 ≥ l+ 12∑
k=−l− 1
2
Ck(ϕk, E,m)T
m = C(ψ,E,m)Tm.
Corollary 4.17. Consider the massless Dirac operator H on L2(R2,C2)
with translationally symmetric B and V (w.r.t. the x2-axis). Assume that
the potential functions A(x) :=
∫ x
0 B(s)ds and V satisfy Assumption 2.14.
Let E,m > 0. Then for any ψ ∈ 1[−E,E](H)L2(R2,C2) such that the set{
ξ ∈ R | ψ̂( · , ξ) 6= 0, ψ̂( · , ξ) ∈ Pac(h(ξ))L2(R,C2)
}
(4.25)
has non-trivial Lebesgue measure, there exists a constant C(ψ,E,m) > 0
such that 〈∥∥|x1|m2 e−i tHψ∥∥2〉T ≥ C(ψ,E,m)Tm
for all T > 0. Here ψ̂ denotes the Fourier-transform of ψ in the x2-variable,
i.e. we use the notation ψ̂(x1, · ) = Fx2ψ(x1, · ).
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Proof. If B and V are translationally symmetric with respect to the x2-
direction, we may assume that H is in the Landau gauge, i.e. that A
satisfies (2.51). Performing a Fourier transform in the direction of x2, we
obtain 〈∥∥|x1|m2 e−i tHψ∥∥2〉T = ∫ ∞−∞ 〈∥∥|x1|m2 e−i th(ξ)ψ̂( · , ξ)∥∥2〉T dξ.
Due to the assumption on (4.25), we find a ξ0 > 0, so large that
Oˆ :=
{
ξ ∈ [−ξ0, ξ0] | ψ̂( · , ξ) 6= 0, ψ̂( · , ξ) ∈ Pac(h(ξ))L2(R,C2)
}
has positive Lebesgue measure. In view of (2.54), we have
1[−E,E](H) =
∫ ⊕
R
1[−E,E](h(ξ))dξ
and thus we conclude that ψ̂( · , ξ) ∈ 1[−E,E](h(ξ))L2(R,C2) for a.e. ξ ∈ R.
Applying Theorem 4.14 yields〈∥∥|x1|m2 e−i tHψ∥∥2〉T ≥ ∫
Oˆ
〈∥∥|x1|m2 e−i th(ξ)ψ̂( · , ξ)∥∥2〉T dξ ≥ C(ψ,E,m)Tm,
with C(ψ,E,m) :=
∫
Oˆ Cξ(ψ̂( · , ξ), E,m)dξ > 0.
Let us close this section with an example that can easily be verified with
Corollary 2.32.
Example 4.18. Consider the massless Dirac operator H on L2(R2,C2)
with magnetic field B(x) = b0|x|s and electric potential V (x) = v0|x|t,
where t, s ≥ 0 and |v0|, |b0| 6= 0. Suppose that t > s + 1, or t = s + 1 and
|v0| > |b0|/(s+ 2). Then for every m > 0 and
ψ ∈ Pac(H)1[−E,E](H)L2(R2,C2),
there is a constant C(ψ,E,m) > 0 such that〈∥∥|x|m2 e−i tHψ∥∥2〉
T
≥ C(ψ,E,m)Tm
holds for all T > 0.
In the case of translationally symmetric electro-magnetic fields, analo-
gous examples can be derived from Corollary 4.17 and Corollary 2.34.
Appendix A
Tight-Binding Ansatz for the
Honeycomb Lattice
In this part of the Appendix we demonstrate how the ordinary tight-binding
ansatz for a single band leads to the description of charge carriers near the
band edge by the Dirac operator: We consider the honeycomb lattice with
2N = 2n2 atoms. Then, according to [AS10], the tight-binding Hamiltonian
in second quantised form is given by
Hˆtb =
2N∑
i,j=1
cˆ†riti,j cˆ
dagger
rj =
∑
|ri−rj |≤d
cˆ†riti,j cˆ
dagger
rj .
Here ri denotes the position of the i−th lattice atom, cˆ†ri and cdaggerri the corre-
sponding creation and annihilation operators of the lattice site ri, and d the
nearest-neighbour distance. Note that the spin index of the lattice electrons
is suppressed in Hˆtb. Let us briefly describe the geometry we have to deal
with:
A B
δ1δ2
δ3
a1
a2
Figure 2
If a = |a1| = |a2| is the lattice constant, we choose (as indicated in the
picture) the primitive lattice vectors
a1 =
a
2
(√
3
1
)
, a2 =
a
2
(√
3
−1
)
.
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The nearest-neighbour vectors are given by
δ1 =
a
2
√
3
(
2
0
)
, δ2 =
a
2
√
3
(−1√
3
)
, δ3 =
a
2
√
3
( −1
−√3
)
.
Since there sits a carbon atom in each point of the considered honeycomb
lattice, we suppose that ti,i has the same value for each 1 ≤ i ≤ 2N , i.e.
ti,i = t
∗
i,i = 0 for 1 ≤ i ≤ 2N . Further, the symmetric arrangement of
the nearest neigbours around the atom in ri justifies the assumption that
ti,j = t
∗
j,i =: ζ0 for rj = ri + δl and l = 1, 2, 3. In what follows, we consider
N to be so large that boundary effects are negligible.
For obtaining the second quantised Hamiltonian in momentum space
(and determining the band function (k)), we work with a unit cell spanned
by the primitive vectors a1 and a2. Since the basis then consists of two
atoms (see Figure 2), we divide the set of lattice points in a set A of lattice
points A (blue), and a set B = A + δ1 of lattice points B (orange). Let
us denote by Ri the position of the i−th unit cell, which is (per definition)
the position of atom A within the cell. Then Ri + δ1 is the position of the
atom B in the i−th unit cell. It is convenient to use the notation
aˆ
(†)
Ri
creation/annihilation operator of the lattice site Ri
bˆ
(†)
Ri
creation/annihilation operator of the lattice site Ri + δ1
With that convention our tight-binding Hamiltonian reads
Hˆtb =
N∑
i=1
(
0aˆ
†
Ri
aˆdaggerRi + ζ0aˆ
†
Ri
bˆdaggerRi + ζ0aˆ
†
Ri
bˆdaggerRi−a1 + ζ0aˆ
†
Ri
bˆdaggerRi−a2
)
+
N∑
i=1
(
0bˆ
†
Ri
bˆdaggerRi + ζ
∗
0 bˆ
†
Ri
aˆdaggerRi + ζ
∗
0 bˆ
†
Ri
aˆdaggerRi+a1 + ζ
∗
0 bˆ
†
Ri
aˆdaggerRi+a2
)
.
Note that the first Brillouin zone of the finite lattice, spanned by a1 and
a2, is also the first Brillouin zone of the sub-lattices A and B. Therefore,
as pointed out in [Mah00], we have the representations
aˆ†Ri =
1
n
∑
k∈VB
eik·Ri aˆ†k , bˆ
†
Ri
=
1
n
∑
k∈VB
eik·(Ri+δ1)bˆ†k,
where VB denotes the first Brillouin zone
VB =
{
λ1v1 + λ2v2 |λ1, λ2 ∈
{
0, 1n , ... ,
n−1
n
}}
,
generated by the reciprocal lattice vectors v1 and v2. Further, aˆ
†
k and bˆ
†
k
are creation operators of electrons with momentum k ∈ VB. Because of the
identities
1
n2
n2∑
i=1
e−iRi·(k−k
′) = δk,k′ and
1
n2
∑
k∈VB
e−ik·(Ri−Rj) = δi,j ,
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the invers transformations are given by
aˆ†k =
1
n
n2∑
i=1
e−iRi·k aˆ†Ri , bˆ
†
k =
1
n
n2∑
i=1
e−i (Ri+δ1)·k bˆ†Ri .
Using them, we can write Hˆtb in terms of aˆ
(†)
k and bˆ
(†)
k , resulting in
Hˆtb = 0
∑
k∈VB
aˆ†kaˆ
dagger
k + 0
∑
k∈VB
bˆ†kbˆ
dagger
k
+ ζ∗0
∑
k∈VB
(
eik·δ1 + eik·(δ1−a1) + eik·(δ1−a2)
)
bˆ†kaˆ
dagger
k
+ ζ0
∑
k∈VB
(
e−ik·δ1 + e−ik·(δ1−a1) + e−ik·(δ1−a2)
)
aˆ†kbˆ
dagger
k.
With the abbreviation
ζ(k) := ζ0
(
e−ik·δ1 + e−ik·δ3 + e−ik·δ2
)
= ζ0
(
e−ik·δ1 + e−ik·(δ1−a1) + e−ik·(δ1−a2)
)
our Hamiltonian takes on the compact form
Hˆtb =
∑
k∈VB
(
aˆ†k , bˆ
†
k
)( 0 ζ(k)
ζ∗(k) 0
)(
aˆ†k
bˆ†k
)
. (A.1)
Note that the constant 0 can be removed by subtracting the diagonal term
0
∑
k∈VB
(
aˆ†kaˆ
dagger
k + bˆ
†
kbˆ
dagger
k
)
from Hˆtb, i.e. by redefining the Fermi energy of
the considered band. Therefore, we set 0 = 0.
Let us only remark that in the large particle limit (N →∞) one usually
replaces ∑
k∈VB
by
∫
VB
d2k
|VB| ,
where |VB| = (2pi)2/|a1×a2| is the volume of the Brillouin zone (see [BF04]).
However, since we deal with second quantised operators, it requires some
effort to do that properly. We just mention that this leads to the same
Hamiltonian as one gets when starting with an infinite lattice (see [Sem84]).
Now let us consider the Hamiltonian Hˆtb near the band edge 0 = 0.
Note that the band function (k) has the form
(k) = 0 ±
√
ζ(k)ζ∗(k)
= ± |ζ0|
√
3 + 2 cos(k · a1) + 2 cos(k · a2) + 2 cos(k · (a2 − a1)) .
For finding the roots of (k), we work with the primitive vectors
v1 =
2pi
a
√
3
(
1√
3
)
, v2 =
2pi
a
√
3
(
1
−√3
)
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of the reciprocal lattice. By writing
ζ(λ1v1 + λ2v2) = e
− 2pii
3
(λ1+λ2)
(
1 + e2piiλ1 + e2piiλ2
)
,
one can read off directly the roots
K = 23v1 +
1
3v2 =
2pi
a3
√
3
(
3√
3
)
, K′ = 13v1 +
2
3v2 =
2pi
a3
√
3
(
3
−√3
)
of ζ(k) in the first Brillouin zone. Within a small neighbourhood of K and
K′ one can linearise the function ζ(k), i.e. we can write
ζ(K + k) = ζ(K) + (∇ζ)(K) · k +O((a|k|)2)
= ζ0
a
2
√
3(−i )e− 2pii3 (k1 − i k2) +O((a|k|)2),
ζ(K′ + k) = ζ(K′) + (∇ζ)(K′) · k +O((a|k|)2)
= ζ0
a
2
√
3(−i )e− 2pii3 (k1 + i k2) +O((a|k|)2).
With the abbreviation vF = ζ0a
√
3/2, we therefore see that∑
|K−k| a−1
(
aˆ†k , bˆ
†
k
)( 0 ζ(k)
ζ∗(k) 0
)(
aˆ†k
bˆ†k
)
≈
∑
|k| a−1
(
aˆ†K+k , bˆ
†
K+k
)
U∗(vFσ · k)U
(
aˆ†K+k
bˆ†K+k
)
,
∑
|K′−k| a−1
(
aˆ†k , bˆ
†
k
)( 0 ζ(k)
ζ∗(k) 0
)(
aˆ†k
bˆ†k
)
≈
∑
|k| a−1
(
aˆ†K′+k , bˆ
†
K′+k
)
U∗(vFσ∗ · k)U
(
aˆ†K′+k
bˆ†K′+k
)
,
where U = e
7pii
12
σ3 is a unitary matrix. The approximated Hamiltonians
on the right hand sides are well known from (2 + 1)−dimensional QED.
More precisely, if we take the massless two-dimensional Dirac operator in
the second quantised form
Dˆ0 =
∫
V
Ψˆ†(x)
[
vFσ · (−i∇)
]
Ψˆ(x) d2x
(see Chapter 13.3 of [Sch05]) and transform the field operators via
Ψˆ†(x) =
1√|V|∑
k
e−ik·xΨˆ†k , Ψˆ(x) =
1√|V|∑
k
eik·xΨˆk ,
we obtain (up to unitary equivalence and re-labeling) a Hamiltonian of the
same form as in the small momenta approximation of (A.1). This analogy is
justifiable if the momenta are small compared to a−1. However, we should
remark that the analysis presented here is not rigorous, in particular one
does not have any error estimates.
Appendix B
Supplementary Arguments
and Results
B.1 On Local Compactness and Variation of Po-
tential Functions
Proposition B.1. Let O = Rn or O = Rn+ = {x ∈ Rn |x1 > 0} for
some n ∈ N. Assume that H is a locally compact, self-adjoint operator on
L2(O,C2). If there exists a function V ∈ L∞loc(O, [0,∞)), with V (x) → ∞
as |x| → ∞, such that
‖Hψ‖ ≥ ‖V ψ‖ for ψ ∈ D(H), (B.1)
then σess(H) = ∅, i.e. H has purely discrete spectrum.
Proof. If λ ∈ σess(H) ⊂ R, we can find a normalised sequence (ψk)k∈N ⊂
D(H) such that ψk ⇀ 0 and ‖(H − λ)ψk‖ → 0 as k → ∞. For any R > 0
we estimate
‖1{|x|≤R}ψk‖ =
∥∥∥∥1{|x|≤R} 1H − λ− i (H − λ− i )ψk
∥∥∥∥
≤
∥∥∥∥1{|x|≤R} 1H − λ− i ψk
∥∥∥∥+ C‖(H − λ)ψk‖,
where C > 0 denotes the norm of the operator
1{|x|≤R}
1
H − λ− i . (B.2)
Using the compactness of (B.2), this estimate implies that ‖χ{|x|≤R}ψk‖ → 0
as k →∞ for any R > 0. By the assumption on V , we can choose R > 0 so
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large that V (x) ≥ 5|λ|+ 1 for |x| ≥ R. If N ∈ N is sufficiently big, we get
‖(H − λ)ψk‖ ≥ ‖V ψk‖ − |λ|
≥ ∥∥V 1{|x|>R}ψk∥∥− ∥∥V 1{|x|≤R}∥∥∞∥∥1{|x|≤R}ψk∥∥− |λ|
≥ (5|λ|+ 1)∥∥1{|x|>R}ψk∥∥− ∥∥V 1{|x|≤R}∥∥∞∥∥1{|x|≤R}ψk∥∥− |λ|
≥ (|λ|+ 12)−
∥∥V 1{|x|≤R}∥∥∞∥∥1{|x|≤R}ψk∥∥
whenever k ≥ N . In particular, ‖(H − λ)ϕn‖ 9 0 as k → ∞, which is a
contradiction.
Remark B.2. From the proof of Proposition B.1 one may read off that
Condition (B.1) can be relaxed to hold only on{
ψ ∈ D(H) | supp(ψ) ⊂ {|x| > R}},
where R > 0 is arbitrary but fixed.
Proposition B.3. Assume that B ∈ C(R2,R) and V ∈ C1(R2,R) satisfy
the conditions
|V (x)| −→ ∞ as |x| → ∞, (B.3)∣∣∣∣∇V (x)V (x)
∣∣∣∣ −→ 0 as |x| → ∞, (B.4)
lim sup
|x|→∞
V 2(x)
2|B(x)| < 1. (B.5)
Then there is an η ∈ (0, 1) such that for any δ ∈ (0, 1) one can find functions
Bˆ ∈ C(R2,R) and Vˆ ∈ C1(R2,R), with
|Vˆ (x)| ≥ 1/δ, (B.6)
|∇Vˆ (x)| ≤ δ|Vˆ (x)|, (B.7)
Vˆ 2(x) ≤ 2(1− η)|Bˆ(x)| (B.8)
for x ∈ R2, and which differ from V and B only on a compact set.
Proof. We only consider the case B(x), V (x) → ∞ as |x| → ∞ since the
other sign combinations can be treated completely analogously. Let us start
with the construction of Vˆ : Due to assumption (B.5), we find constants
r1 ≥ 1 and η ∈ (0, 1) such that
V 2(x) < 2(1− η)B(x) (B.9)
if |x| ≥ r1. Let δ ∈ (0, 1) be given, then we deduce from (B.3) and (B.4) that
there is an r2 > r1 such that
2δ−1 ≤ V (x) and |∇V (x)| ≤ δ
4
V (x) (B.10)
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hold if |x| ≥ r2. For χ ∈ C∞(R2, [0, 1]) satisfying
χ(x) =
{
1
2 for |x| ≤ 1,
1 for |x| ≥ 2,
we set χr( · ) := χ
( ·
r
)
, where r > 0. Now consider for r ≥ r2 the C1-function
Vˆr(x) := χr(x)V (x) + (1− χr(x))4δ−1(1 + c1 + c2)
on R2, with
c1 := sup
{
max(−V (x), 0) | x ∈ R2} ,
c2 := sup
{|∇V (x)| | |x| ≤ r2}.
Observe that Vˆr(x) = V (x) whenever |x| > 2r. By the choice of r2, we have
δ−1 ≤ Vˆr(x), |V (x)| ≤ 2Vˆr(x) (B.11)
for any x ∈ R2. The second inequality of (B.11) yields
|∇Vˆr(x)| ≤ |∇V (x)|+ 1
r
(
2‖∇χ‖∞ + 4‖∇χ‖∞δ−1(1 + c1 + c2)
)
Vˆr(x)
for x ∈ R2, where r ≥ r2. In view of the second estimate of (B.10), we know
that |∇V (x)| ≤ max(c2, δV (x)/4) holds globally. So for any r ≥ r2 we get
|∇V (x)| ≤ δ
2
Vˆr(x)
on R2. Note that we also applied (B.11) and the definition of Vˆr for the
previous conclusion. Therefore, we can choose r3 > r2 so large that
|∇Vˆr3(x)| ≤ δVˆr3(x) for x ∈ R2. (B.12)
Set Vˆ = Vˆr3 and observe that Vˆ satisfies (B.6) and (B.7) due to (B.11) and
(B.12). With r4 = 2r3 let us define Bˆ through
Bˆ(x) := (2χr4(x)− 1)B(x) + 2 (1− χr4(x))
1
2(1− η) Vˆ
2(x)
for x ∈ R2. By (B.9) and since Vˆ coincides with V on {x ∈ R2 | |x| ≥ 2r3},
we have
Vˆ 2(x) ≤ 2(1− η)Bˆ(x)
on R2, i.e. Vˆ and Bˆ satisfy also condition (B.8).
Corollary B.4. Assume that the magnetic field B ∈ C(R2,R) and the
electric potential V ∈ C1(R2,R) satisfy (B.3)−(B.5). Let A ∈ C1(R2,R2)
be a vector potential for B, i.e. B = curl A. Then there exist Bˆ ∈ C(R2,R)
and Vˆ ∈ C1(R2,R), for which the global conditions (B.6)−(B.8) hold true,
and such that
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(DA + V − i )−1 is compact iff (DAˆ + Vˆ − i )−1 is compact.
Here Aˆ ∈ C1(R2,R2) denotes a vector potential for Bˆ.
Proof. For B and V satisfying (B.3)−(B.5) consider Bˆ and Vˆ , given by
Proposition B.3. Since the difference B−Bˆ has compact support, there exist
a bounded function A0 ∈ C1(R2,R2) with curl A0 = B− Bˆ on R2. Observe
that Aˆ := A −A0 is a vector potential for Bˆ. Due to the construction of
Aˆ and Vˆ , we know that the operator difference (DA + V ) − (DAˆ + Vˆ ) is
bounded on L2(R2,C2). In particular, the difference
(DA + V − i )−1 − (DAˆ + Vˆ − i )−1
is compact if already one of the resolvents itself is compact.
B.2 Proofs of Lemma 3.2 and Lemma 3.3
In this section we provide the proofs of the two lemmas, required for proving
Theorem 3.1 (and for proving Theorem 3.15). Alternatively, one can find
them in [MS14].
For A ∈ Lploc(R2,R2), with p > 2, let DA be given by (2.32). We use
the abbreviation
RA(z) := (DA − z)−1 (B.13)
for z ∈ %(DA). If V ∈ C1(R2,R) is strictly positive or strictly negative and
satisfies ‖∇V/V ‖∞ <∞, we define the operator
K := [DA, V
−1]V =
iσ · ∇V
V
on C∞0 (R2,C2).
Note that K is bounded on the dense subset C∞0 (R2,C2) of L2(R2,C2),
hence extends to a bounded operator on the considered Hilbert space.
Lemma B.5. Let B ∈ C(R2,R) and A ∈ C1(R2,R2) with B = curl A.
Assume that V ∈ C1(R2,R) is strictly positive or negative and satisfies
‖V −1‖∞, ‖∇V/V ‖∞ <∞. Then for any z ∈ %(DA) with ‖K‖‖RA(z)‖ < 1
we have [
RA(z), V
−1] = −V −1RA(z)KRA(z)L1(z) (B.14)
= L2(z)RA(z)KRA(z)V
−1. (B.15)
The operators
L1(z) :=
(
1 +KRA(z)
)−1
, L2(z) :=
(
1−RA(z)K
)−1
are bounded with
‖L1(z)‖, ‖L2(z)‖ ≤
(
1− ‖K‖‖RA(z)‖
)−1
. (B.16)
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Proof. For z ∈ %(DA) we compute[
RA(z), V
−1] = RA(z)[V −1, DA]RA(z)
= −RA(z)V −1KRA(z)
= −V −1RA(z)KRA(z)−
[
RA(z), V
−1]KRA(z).
It follows that[
RA(z), V
−1] (1 +KRA(z)) = −V −1RA(z)KRA(z).
If ‖K‖‖RA(z)‖ < 1, we can invert 1 + KRA(z) by writing the invers as a
Neumann series, which results in (B.14). The bound on the norm of L1(z)
is a direct consequence of the representation as a Neumann series. In the
same way we obtain formula (B.15) and the norm bound on L2(z).
Proof of Lemma 3.2. a) Let ψ, ψ˜ ∈ C∞0 (R2,C2) with ‖ψ‖ = ‖ψ˜‖ = 1. If β0
is defined as in (3.7), we know that (−2β0, 0) ∪ (0, 2β0) ⊂ %(DA). In parti-
cular, we have the representation
Π0 = − 1
2pii
∫
|z|=β0
RA(z) dz
for the orthogonal Projection on ker(DA). Since ‖RA(z)‖ ≤ β−10 for |z| = β0
and since ‖∇V/V ‖∞ ≤ δ, we can estimate
‖K‖‖RA(z)‖ ≤ δβ−10 = 2δ2
√
1− η ≤ 12
for |z| = β0. Thus, Lemma B.5 yields∣∣〈V ψ˜, [Π⊥0 , V −1]ψ〉∣∣ = ∣∣〈V ψ˜, [Π0, V −1]ψ〉∣∣
≤ 1
2pi
∫
|z|=β0
∣∣〈V ψ˜, [RA(z), V −1]ψ〉∣∣ dz
=
1
2pi
∫
|z|=β0
|〈ψ˜, RA(z)KRA(z)L1(z)ψ〉|dz
≤ 1
2pi
∫
|z|=β0
‖K‖‖RA(z)‖2
1− ‖K‖‖RA(z)‖ dz ≤ 4δ
2.
Analogously, we get the same bound on the norm of
[
Π⊥0 , V −1
]
V .
b) One may observe from the previous calculation that the operator[
Π⊥0 , V −1
]
maps L2(R2,C2) into D(V ). By writing
Π0ψ = V
−1Π0V ψ +
[
Π0, V
−1]ψ
for ψ ∈ D(V ), the claim follows immediately.
c) In view of the Spectral Theorem, we deduce, for |z| = β0, that
‖DARA(z)‖ = sup
λ∈σ(DA)
∣∣∣∣ λλ− z
∣∣∣∣ ≤ 2.
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Using again the integral representation of Π0, we can estimate∣∣〈DAψ˜, V [Π⊥0 , V −1]ψ〉∣∣
≤ 1
2pi
∫
|z|=β0
|〈ψ˜,DARA(z)KRA(z)L1(z)ψ〉|dz ≤ 4δ
for normalised functions ψ, ψ˜ ∈ C∞0 (R2,C2).
Proof of Lemma 3.3. We write
sgn(DA)Π
⊥
0 = 1(β0,∞)(DA)− 1(−∞,−β0)(DA),
with β0 as in (3.7). By Lemma VI-5.6 of [Kat95], one can express the orthog-
onal projections 1(β0,∞)(DA) and 1(−∞,−β0)(DA) through
1(β0,∞)(DA) =
1
2
(id + U(β0)),
1(−∞,−β0)(DA) =
1
2
(id− U(−β0)),
where the partial isometry U(λ) admits the integral representation
U(λ) = s− lim
R→∞
∫ R
−R
RA(λ+ i t)
dt
pi
=:
∫ ∞
−∞
RA(λ+ i t)
dt
pi
for λ ∈ %(DA). Here s − lim means that the limit has to be taken in the
weak operator topology. The commutator relation[
sgn(DA)Π
⊥
0 , V
−1] = 1
2
[
U(−β0), V −1
]
+
1
2
[
U(β0), V
−1]
reduces the problem to a proper estimate on V
[
U(λ), V −1
]
for λ = ±β0.
Since
‖RA(β0 + i t)‖‖K‖ ≤ δβ−10 ≤ 12 ,
one can deduce from Lemma B.5 that[
RA(β0 + i t), V
−1] = −V −1RA(β0 + i t)KRA(β0 + i t)L1(β0 + i t)
for all t ∈ R. Hence, for ψ, ψ˜ ∈ C∞0 (R2,C2) with ‖ψ‖ = ‖ψ˜‖ = 1 we have∣∣〈V ψ˜, [U(β0), V −1]ψ〉∣∣ ≤ 1
pi
∫ ∞
−∞
∣∣〈V ψ˜, [RA(β0 + i t), V −1]ψ〉∣∣dt
≤ 1
pi
∫ ∞
−∞
‖RA(β0 + i t)‖2‖K‖‖L1(β0 + i t)‖ dt
≤ 2δ
pi
∫ ∞
−∞
1
β20 + t
2
dt
≤ 4δ2.
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Note that we used, for t ∈ R, the bound
‖L1(β0 + i t)‖ ≤
(
1− ‖RA(β0 + i t)‖‖K‖
)−1 ≤ 2.
Clearly, we obtain the same bound for
〈
V ψ˜,
[
U(−β0), V −1
]
ψ
〉
, implying
that
[
U(±β0), V −1
]
maps L2(R2,C2) into D(V ) and that∥∥V [U(−β0), V −1]∥∥,∥∥V [U(β0), V −1]∥∥ ≤ 4δ2.
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